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1 Introduction



History
e Variational problems

— ancient world (Dido’s problem)
— in 1696: Brachistochrone Problerfgreek: brachistos=shortest, chronos=time)bizann Bernoulli
(1667-1748)

solved by himself and Sir Isaac Newton (1643-1727), Gottfried Wilhelm Leibniz (1646—1716), Jacob
Bernoulli (1654-1705), Guillaume Francois Antoine Marquis de L'Hospital (1661-1704), Ehrenfried
Walter von Tschirnhaus (1651-1708)

e Optimal control problemggeneralization of variational problems)

since approximately 1950

initially mainly motivated by military applications

~ 1964: Maximum principleby Lev S. Pontryagin (1908-1988&nd his students V. G. Boltyanskii,
R. V. Gamrelidze and E. F. Mishchenko and independentlyagnus R. Hestenes

since then: lots atheory(involves different mathematical disciplines like functional analysis, differen-
tial equations, optimization, measure theory, numerics)eqpdicationsin natural sciences, engineer-

ing sciences, economical sciences (e.g. simulation of test-drives, robot control, flight path planning,
control of plants,...)

History

e Convex Analysis
milestones:

— [Brunn-Minkowski theorjof convex bodies (H. Brunn’s thesis 1887, H. Minkowski 1864—-1908|
portant workfin 1897, 19031910

topics: addition of sets (Minkowski sum); volume of convex bodies; measures of volumes, surfaces,
curvature; ...)

— books on theory of sets of F. Hausdorff (19827 [English translation
— survey of results in book ¢F. Bonnesen/W. Fenchié€1934) J[English translatign

— book on convex polyhedra of A. D. Aleksandrov (1938) books on convex polytojies@i
(1967)|[V_Kieg (1963), E. Steinitz/H. Rademacher (1934), H. Weyl (1935/36), . ..

— book on convex analysis . T. Rockafellg(1970)
focus on convex functions and differential properties, extremal problems like optimization, minimax
theory

History

e Set-Valued Analysis
milestones:

— limits of sets (P. Painlevé 1906, K. Kuratowski 1958)

— works on (contingent/tangent) cones (G. Bouligand 1@8deralized gradienty[F. C. Clark§l975)
later used for continuity definitions and derivatives of set-valued maps (G. Bouligand, K. Kuratowski
in 1932)

— works on fixed-point theorems of multivalued maps (S. Kakutani 1941, Ky Fan 1969, variation prin-
ciple of[[_Ekelandi1974)

— book on discontinuous differential equationg/yF. Filippoy (1960)
discontinuity of right-hand side of differential equations w.r.t. state variable, reformulation as differ-

ential inclusion solves problem with definition of such solutions
— works on set-valued integral (since 195:J. Auman}iT. F. Bridgland J}/G. Debre[C. Olech .. .)
— works on ellipsoidal methods fychweppg1968), Chernousko (198[.989 and Kurzhanski et al.
(1977[199)




History

Set-Valued Analysigmilestones continued):

— book on differential inclusions §y. P. Aubin/A. Celling1984) [V T. Blagodatskikh and A. F. Filippdv
(1986)
topics: differential systems with uncertainty, absence of controls, variety of solutions
earlier works starting from 1966: V. |. Blagodatskih (1973), A. Bressan, C. Castaing (1966), A. Cel-
lina, A. F. Filippov (1967)
older notions: contingent equations, differential relations, general-
ized differential equations, multivalued differential equations, ...

— works on selection theorems of multivalued maps (A. Cellina 187&;astaing/M. Valadi¢t976 [E]
1956)
— book orjviability theoryby J. P. Aubin (1991)

solutions of differential equations staying in a tube (bounded area)
J. P. Aubin (1984), V. Kivan (1990)A. B. Kurzhanski/T. F. FilippoV41986), L. Rybnski (1986), N.
S. Papageorgiou (1988)

— book orjset-valued analygisy J. P. Aubin/H. Frankowska (1990)
set-valued maps (svm), selection theorems, measurability of svms, tangent cones, ...

Components of Optimal Control Problems

time dependenprocess(e.g. population size, chemical process, mechanical system, sales volume of a
company)

x(t): stateof the process at timée

u(t): controlthat allows to influence the dynamical behavior of the process (e.g. incorporation of predators
to reduce the population size, temperature or feed in a chemical reaction, steering wheel or brakes of a car,
change of prices)

dynamical behavior described by ardinary differential equation (ODE)’(t) = f (¢, (t),u(t))

constraintdue to, e.g., security reasons (altitude of an airplane should be greator or equal zero) or technical
limitations

objective functionato be minimized (or maximized)

Optimal Control Problem

Problem 1.1 (Optimal Control Problem). Minimize

platto)(t)+ [ folta)u®)de

subject to the differential equation

wl(t) :f(tam(t)vu(t))a to Stgtfa

the mixed control-state constraints

c(t,x(t),u(t)) <0, to <t<ty,

the pure state constraints

s(t,z(t)) <0, to <t <ty,



Optimal Control Problem
Problem 1.1 (continued). the boundary conditions
Y(z(to),z(ts)) =0,
and the set constraints
u(t) EU CR™,  to <t <ty
Questions
e Reachable set:

— What trajectories are admissible ?
— How to approximate the set of all admissible trajectories ?

e Optimality:
— What trajectory is optimal for a given objective functional ?
— Necessary optimality conditions (minimum principle) ?
— (Numerical) solution approaches for optimal control problems ?

Set-Valued Maps
A set-valued map is a generalization of an ‘ordinary functifn’X — Y:

Definition 1.2. A set-valued map/mappir(gultivalued mapis a mapF' : X = Y, where themagesF'(x) are
subsetof Y for everyxz € X. often in the following:X = [to,tf], Y =R™

Special case:
f: X — Y is the special set-valued mdp: X = Y with F(z) := {f(z)}.

Set-Valued Maps
Questions
e suitable continuity definitions?
e existence of selections of a svm, properties of selections?

e parametrization of set-valued maps (svm)?

derivative of set-valued maps (svm)?

integral of set-valued maps (svm)?

Differential Inclusions
Differential inclusions generalize ordinary differential equations:

Problem 1.3. Z = [to,t¢], x : T — R™ is a solution of a differential inclusion (Dl), if

e z(-) is absolutely continuous, i.e’(-) € L1(Z) and

2(t) = z(to) -|-/:c'(7-)d7- (teT)

to
o z'(t) € F(t,z(t)) fora.e.t € Z, whereF : T x R™ = R™ is a set-valued map
e x(tg) € Xo with X¢ C R™ nonempty

Special case:
' = f(t,x) & 2’ € F(t,z) :={f(t,z)}.



Differential Inclusions

Remark 1.4. In general, a differential inclusion has not a unique solution.
The solution funnel/trajectory tube is defined as

X (to, Xo) = {x(-) | =(-) solution of DI withz(to) € Xo}
The reachable set at tintec Z is defined as
72’("’7t07)(0) = {y S R™ | .’13(') S X(t07XO) with Yy= x(t)}

R(t,to, Xo) = cross-section of function evaluations &f(¢o, Xo) at timet

Differential Inclusions

Questions
e existence of solutions of differential inclusions?
e computation of special solutions?
e computation of all solutions, i.e. reachable set?
e set-valued generalization of DE-solver?
e convergence order as in single-valued case?

e appropriate smoothness conditions for convergence analysis?

Connection to Control Problems
Reformulation
control problem:
z'(t) = f(t,z(t),u(t)) foraetel
u(t) e CR™ foraete”
(B(to) = X9
differential inclusion (“drop the control”):

z'(t)e F(t,x(t)):= [ {f(t,z(t),u)} foraetel
uceU

:B(t())e XO = {(170}

solution funnel = set of admissible functio®$-) in control problem
reachable sets at timtg = values of such solutions at tintg

Connection to Control Problems

State Constraints and Viable Solutions
inital condition:

P(x(to)) =0 <= z(to)c Xo:={z €R"|YP(z) =0}

A state constraint
s(t,z(t)) <0 (t€T)

introduces a viability condition
x(t) € S(t) :={z € R™|s(t,z) < 0}.

A mixed control-state constraint
c(t,x(t),u(t)) <0 foraeteT



restricts the choices fat(t) by

xl(t) € f(t,x(t),C(t,x(t)) = U {f(t,z(t),u)}
u€eC (t,xz(t))
with
C(t,x) :={z € R™|c(t,z,z) < 0}.

Shifting the state constraints into a tangent cag,) (z(t)) in (DI) without state constraints could destroy
Lipschitz properties of the right-hand side:

' (t) € F(t,a(t))To) (x(t)) with ©(t) := {z € R™|s(t,z) < 0}.



2 Examples and Applications



Contents

e Brachistochrone-Problem

Minimum-Energy Problem

Vertical Ascent of a Rocket

System of two Water Boxes

Climate Change Model
Elch-Test

Emergency Landing Manoeuvre

The Brachistochrone-Problem
In 1696 Johann Bernoulli posed the following problem:

Suppose a mass point of maasis moving along a curve
y(x) starting at a point(a, y,) and ending a{b, yp) in
the (x,y)-plane under the influence of gravity neglecting

friction.
Which curvey(x) yields the shortest time?

The Brachistochrone-Problem

Ya

Yb

y

The Brachistochrone-Problem

Bracchistochrone Problem
Minimize

J(waya'Yatf) = tf
subject to

z'(t) = 29(ya—y(t))cosy(t), x(0)=a, x(ty)=b
Y (t) = V29(Ya—y(t))siny(t),  y(0) =ya; y(ts) = yo.

Remark:The solution is neither the direct line nor a segment of a circle!



Minimum-Energy Problem
Arod is fixed at the point$0,0) and(1,0) in the (x,y)-plane in such a way, that it assumes an angler.t.
the x-axis:

y(z)

What curve yields a minimum of the rod’s bending energy?

Minimum-Energy Problem

Minimum-Energy Problem

Minimize L
J(y1,Y2,u) =/0 u(x)?dx
subject to
yi(z) = wy2(x), 41(0)=9:1(1) =0,
y;(a:) = u(x), y2(0) = —y2(1) = tana.

Minimum-Energy Problem

Reachable Set for several control se®&

2

n |
oU ={-2}

ol |

1k - —Z,[: [_6’_2]

2 1 -U=[-2,0]

-3} i

-4+ —

Sl | no end conditions,
u(t) eU!

-6 L L L L L L L

The reachable sets are calculated by the set-valued combination method “iterated trapezoidal rule/Heun’s method”
with N = 100000 sub-intervals.

Minimum-Energy Problem
Modification: additional constrainj(z) < Ymax

Minimum-Energy Problem
Minimize L
Ty w) = [ u(@)de

10



subject to
yi(x) = ya(x), y1(0) = y1(1) =0,
yp(z) = u(z), y2(0) = —y2(1) = tana.

and the state constraint
y1(:L’) — Ymax < 0.

Vertical Ascent of a Rocket
A rocket of massn starts at = 0 at rest on earth levél(0) = 0 and is accelerated vertically by controlling
the thrustu(t):

u(t)

—mg

h(t)

Vertical Ascent of a Rocket
Task for pilot: For a given amount of fue}, reach the altitudéZ > 0 in minimal timet ¢ with bounded thrust
0 < u(t) < umax (constant mass, no air resistance)!

Vertical Ascent of a Rocket
Minimize
J(h,v,u,tf) = tf
subject to < u(t) < Umax,
h(t) = wv(t), h(0) =0, h(ty) = H,

—g+ ?, v(0) =0,

v'(t) =
c/tf u(t)dt =n.

Vertical Ascent of a Rocket
Solution Funnel, 2D, Viewpoint (-11, 32)

11



1200

—reachable sets
1000
fort; =1,
1=0,...,10

800

Qo 600

400

— corresponding
supporting points
in same direction

200

valuessm =1,
no end condition,
no limit

on the fuel!

The solution funnel is calculated by the set-valued combination method “iterated trapezoidal rule/Heun’s method”
with step-sizéh = 0.001 andu,.x = 100.

System of two Water Boxes
Given:

e 2 water boxes, water leved; (t) > 0 at timet in boxi = 1,2

e outflow ratesd < wu;(t) <1,i=1,2

:cl(t) \’:/:

uy (t)

::’ : j‘iL‘2(t)

U2 (t)
System of two Water Boxes
Differential equations:
z)(t) = —wua(?), z1(0) =z,
xh(t) = u1(t) —u2(t), x2(0) = 9.

Goal: Maximize average outlow
10

(10 — t)uq (t) + tug (t)dt

12



System of two Water Boxes

Water Boxes

Maximize 10
J(ml,mz,ul,u2) = o (10 — t)u1 (t) +tU2(t)dt
subject to
zi(t) = —ua(t), z1(0) = 7,
zh(t) =  wui(t) —u2(t), z2(0)=a).

and the state constraints
x;(t) >0, vt € [0,10], i = 1,2,

and the control constrains< u;(t) <1,t € [0,10],7 = 1, 2.

Climate Change Model

Model Parameters
WBGU scenario:
(WBGU = German Advisory Council on Global Change) simple model of climate change assessment:

F(-): cumulation ofC O, emissions caused by humankind
C(-): carbon concentration
T(-): global mean temperature
E(-): CO; emission profile controlling the allowe@O- emissions
Questions:
e What are the admissible emissions in the yi&ar
e What are the feasible concentratia@t) in that year?

e Is it possible to realize a global mean temperaflitein yeart?

Climate Change Model

Reachable Set
control problem:

F(t) = B(Y),
C'(t)y=B-F(t)+B-E(t)—0o-(C(t) — Cy),
7)) = ot (G2 ) — o (@) - 1),

E'(t) =u(®)E(t), |u(t)] < Umax
with state constraints

Tl S T(t) S Tmax,
0< T,(t) < Térit(T(t))’
T if Ty < T(t) < Timax — 1
Tea(T(H) =9 7" - ’
T Tinax — T'(t) if Tnax — 1 < T(t) < Trnax-

max

13



Climate Change Model
3D-projection on F' — C' — T-axes from 4D-reachable setty = 30

15.72 "
1571~
157~
15.69 ~"
1568
1567

15.66

" 600

430

440

450
C

750

The reachable set for this nonlinear differential inclusion is calculated in [Cha03] with the set-valued Euler's
method and step-size = 0.5.

Virtual Test-Drive
Components:

¢ mathematical model of the car differential equations)
e mathematical model of the test-course

e mathematical model of the driver¢ optimal control problem)

VW Golf

Contraols:
e Steering wheel
e Gas pedal/brakes S

o Gear shift {nteger)) =y |

14



Virtual Test-Drive: Driver

Optimal Control Problem

Min. p(x(ts),te,p) 'steering effort’
Max. ‘average velocity’
final time’

'linear combination’
st.  F(z(t),z'(t),u(t),p) = 0 ’carmodel
C(xz(t),u(t),p) < 0 ’boundaries of track’

Y(z(to),xz(ty),p) = 0 initial/final position’

u(t) € U ’limitations
steering/acceleration’

Virtual Test-Drive: Test-Course

Testatrecks 110m

15 a0 25 =6 1%

L

1.2B+0.25

. s
= Vermalz 8.5 -
B e 1.98+0.25
v LIB+0.25 [

B Fehezeng der Drslie B
arbierungsleyel

boundary: piecewise def. polynomials

Virtual Test-Drive: Test-Course

15



middle line: curvey : [0, L] — IR2, piecewise lin. curvi

0.02
0.01
0
-0.01
-0.02
-0.03
-0.04
-0.05

curvaturex [1/m]

0O 200 400 600 800 1000 1200

arc lengths [m]

-100 -50 0 50

Emergency Landing Manoeuvre

Scenario: propulsion system breakdown

100

150

200

Goal: maximization of range w.r.t. current position

Controls: lift coefficient, angle of bank

no thrust available; no fuel consumption (constant mass)

16

250

300



3 Convex Analysis

3.1 Convex Sets

17



Basic Facts
Why do we deal with convex sets?

reachable sets are convex for linear control problems

properties ofS remain valid for its convex hulto(S) (compactness, boundedness)
uniqueness of best approximation of a point to a set

convex sets can be easily described by support functions or supporting points

convex sets can be easily stored in computer (only store its boundary, extreme points, exposed points,
supporting points, support functions)

Important Tools for (Later) Proofs

Caratheodory’s theorem (convex combination of max- 1 elements necessary for convex hull)

separation theorems (separate two “almost” disjoint sets by a hyperplane)

e representation theorems of convex sets:

Theorem of Minkowski (resp. Krein/Milman) on convex hull of extreme points,
Theorem of Straszewicz on closed convex hull of exposed points

18



3.1.1 Basic Definitions and Properties

19



Notation 3.1. Letx,y € R™. Then,||z|| stands for the Euclidean norm sfand (x, y) means the scalar product
ofx andy.

B;(0) is the closed Euclidean unit ball IR™ and S,, 1 its boundary, the unit sphere.

Definition 3.2 (convex set).A setC C R™ is convexif
(1—=X)e+AéeC foralle,é € C andforallX € [0,1].

Denote byC(R™) the set of all nonempty, convex, compact set®fhand by/C(R™) the set of all nonempty,
compact sets iiR™.

convex set

~ convex seC

Example3.3 (convex and nonconvex sets).
(i) All closed and bounded (or unbounded) interval®iare convex.
(ii) All open and bounded (or unbounded) intervalRiare convex.
(iii) The half-open/half-closed intervht, b) resp.(a, b] are also convex.
(iv) The unit ballB1(0) C R™ is convex.
(v) The unit squaré—1,1]™ is convex.
(vi) A pointset{z} with z € R™ is convex.
(vii) The set{xz,y} with x,y € R™ andx # y is not convex.
(vii) Letr € [0,1). Then,M := B1(0) \ B, (Og=) is not convex.

(iX) The setM := co{—e' + e2,0rn } Uco{e! + e2,0gn } is not convex.

(viii) non-convex set

20



non-convex se€

z=Ac+(1-XNc¢gC

(ix) non-convex set (union of two convex line segments)

z=XAc+(1—-AN)c=e?>¢C

non-convex sef’

0]R2

Proposition 3.4. LetC C R™ be convex. Therint(C) andC is also convex.

Proof. Letx,y € int(C) andX € [0,1].
Then, there existg;,e2 > 0 with B,,(xz) C C, i = 1,2.  Consider an arbitrary) € B;(0) for which

x+e1n,y+e2n € C. Hence,
Al(z+ein) + (1 —A)(y+e2m)

=(Az+ (1= N)y) + (A1 + (1 —N)ez)n € C.
=:e>0

Therefore,B.(z) C C with z := Az + (1 — A)y, such that: € int(C).

Letz,y € C andX € [0,1] and choos€z™ ), (y™)m C C with ™ ———— x andy™ ——— .
m—000 m—0o0
SinceC is convex, we havax™ 4+ (1 — A)y™ € C. Hence,

Az 4+ (1—-A)yeC.

A4+ (1—A)y™

m—00

21



Proposition 3.5. Let I be an arbitrary index set an@’; C R™ be convex for every € I. Then,C :=;<; C;
is also convex.

intersection of two convex sets

convex set’;

intersectionC' = C; N
is also convex

Remark 3.6. In general, the union of convex sets need not be convex any longer. See Exainple 3.3(ix) for an
example which consists of a nonconvex union of two (convex) line segm&ts in

Proposition 3.7. LetC; € R™i, ¢ = 1,2, be convex sets anth +ns, = n.
Then,C = C; x C2 C R™ with C; x C2 = {(ct,c?) € R™|c* € C;, i = 1,2} is convex.

Example3.8 (Further examples).
(i) Clearly, the complete spad™ and the empty set are convex.
(i) Each linear subspace Bf* is convex.
(i) Each affine set dR™ is convex.
(iv) Each line inR™ is convex.
(v) Each half-space dR™ is convex.

(vi) Let A € R™*™ pbe a matrix and € R™. Then, the set of admissible poild := {x € R™ | Az = b}
andM := {z € R™| Az < b} are convex.

Definition 3.9. LetC C R®, k € Nand¢* € C,i = 1,...,k. A convex combinationf (ci)izl,_,.,k is asum
P ciwith A, >0,i=1,...,kandys ;=1
Theconvex hulbf C is defined as
co(C) = (| D.

DD C convex
Similarly, theaffine hullof C, denoted byaff (C), could be defined.

Lemma 3.10. If C C R™ is convex, each convex combination is an eleme6t.of

Building a Convex Hull from Discrete Points

22



Imagine a Rubber Band which Includes all Nails = Points

Rubber Band Forms the Convex Hull

/’/ —boundary of convex hull = polytope
/ o vertices of convex hull
’/’ non-extreme points or points
/ in the interior of the convex hull
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Remark 3.11. Algorithms for the computation of convex hulls can be found, cf.e.g. [dvOS97-ICSCG, O'R98}HCSCG,
BY98-ICSCE, PS88-ICSCG] and the citations on computational geometry at the end of this subsubsection.
Graham'’s algorithm ifR? for IV points and Divide-and-Conquer i3 achieve® (IV log(IN)) complexity. The

lower bound inR™ is O (N log(IN) 4+ N /21 (cf. [BY98-ICSCG, Theorem 8.2.1)).

Example3.12 (i) Leta,b € R with a < b. Then,co{a,b} = [a,b].
(i) Letx,y € R™. Then,co{x,y} = {Axz+ (1 —X)y| X € [0,1]} is the line segment spanned byy.
(i) Let{e',e?} be the standard basis &f. Then,

co{e' +e?,—e' +e?, —e' —e?,e! —e?} = [—1,1]2.

(iv) co(Sn—1) = B1(0)
Proposition 3.13. LetC C R™. Then,

k k
co(C)={} Aict|cteC, X\ >0, > Ai=1, k €N}
=1 =1

, k . K )
Proof. “D": For any convex seD D C, we have forc* € C C D that 3 A;c* € D. Hence, 3 \;c* €
=1 =1
co(C).
k . m o~
“C” Let I Ajctand I A;c be elements fromo(C) andp € [0,1]. Then,
=1 =1

k m
pS A+ (1-p) Y A&
i=1 =1
is again a convex combination of element<irand therefore the right-hand side is convex. Thereles¢C) is
included in the right-hand side per definition. O
Theorem 3.14 (Carathéodory).Let M C R™. Then,
n+1 n+41

CO(M) ={ z Aw"|'ui eEM,\; >0, z A,L-z]_}_
i=1 =1

Proof. Take a convex combination= y%_, \;v* with k € Nandk > n+1.
Let us consider thé vectors(”lz) € R™*1 which have to be linear dependent. Hence, there exists non-zero vector

(a1y.-- o) T € RF with
k ,v'i
Z az(l :ORn—i-l.

1=1
Sincey*_, a; = 0, not all a; could be negative or could be equal to zero. Set

~ i i
t:= —% := min — > 0.
Qg a; >0 o

For allz with a; > 0:

Ai

(877

t andtherefore X\;—t-a; >0

For allz with o; < 0:



With the help oft a new convex combination could be defined: Set
Xit=X\—t-a; >0 (i=1,... K.
The new convex combination yields

ko k K
A=) Aj—t-
iZ1 igl i=

—— ——
=1 =0

k k .k .
—— N——

=z =0rn

ai=1,
1

The weight);, yields
Ai, = ot andtherefore X;, = Aiy — gt = O.
Now, z can be represented as

z= Z v,
i=1,...,k
i#ig

a convex combination witk — 1 elements ofM. B
If k—1 =mn+1, then the proof is finished. Otherwise, repeat this method startingwith. ... x A;v* until only

1710
n + 1 elements remain in the convex combination. These 1 elements may happen to be linear independent.
O

Remark 3.15. Let M = {vl,v2,...,v™} C R™ with m different points.
Assume first dimension = 2.

m =1 co(M) is a point (and consists of convex combinations of 1 element).
m = 2. co(M) is aline segment and consists of convex combinations of 2 elements.

m = 3. co(M) is a triangle and consists of convex combinations of 3 elements (see Carathéodory’s Theorem

B.19).

m = 4: co(M) is a general quadrangle, but consists of convex combinations of 3 elements (see Carathéodory’s
Theorenf 3.114), since the quadrangle could be partitioned into two triangles.

For n = 3 a general polytope mitn vertices could be partitioned with the help of tetrahedrons (convex combi-
nations of 4 elements according to Carathéodory’s Thegrenj 3.14).

Carathéodory’s Theorem (m = 4)
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convex hull of set
M = {vt|i=1,...,4}

A point z € co(M)

4 .
with z = 3 A;v° lies
=1

either in the triangle

or in theredone.

Proposition 3.16. LetC C R™.
(i) If Cis convex, thero(C) = C.
(i) If Cisbounded,i.eC C B,(m) withr > 0, thenco(C) is also bounded byB,.(m).
(iii) If C is compact, thero(C) is also compact.

Proof.
(i) Clearly, C C coC. From the definition the convex s := C fulfills D D C and thereforecoC C C.
(i) Let z = 5% Xic* € coC. Then,

k k
lz=mll =1 5 Ai(c* —=m)[| < H Asflc® —m]|
=1 =1
k
< z Air=r.
=1

(iii) co(C) is bounded, sinc€' is bounded.
To show the closedness, kt™),,, C coC with z™ ——— z. Caratheodory’s theorem shows that

m— 00

n+1 (im)
2™ = AimeV™.
2,

Since(Ai,m)m C [0,1] and(c>™*), C C are bounded sequences, they contain convergent (w.l.0.g. com-
mon) subsequences

(™), C (c"™)m  With ™k —— ¢t € C.

k—oo
Altogether, we have
n+1 . n+1 .
2= Nimmy, €5 ——s > Aic* € co(C).
=1 k—oco =1

Since the complete sequence converges the subsequence converges alsowhich shows that = z;‘jll \ict €
co(C). O
Example3.17. If C C R™ is only closed, thero(C) is not necessarily closed. Take:= {(g)} U{(}) |y >
0}. The convex hull oC'is {(5) } U {(;) |t € (0,1], y > 0} which is not closed.
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Non-Closed Convex Hull of Closed Set

101

closed seU
ol (e origin and— half-ray)
of co(U)
i — boundary parof co(U)
at - - - boundary parbf co(U)

not included inco(U)

—boundary part

of of U andco(U)

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Definition 3.18. Letp® € R™,i = 1,...,k. Then,P := co{p*|i =1,...,k} is called (convexpolytopewith
verticesp®, i = 1,...,k.

Remark 3.19. Arich literature exists dedicated only to polytopes,
cf. e.g. [Gri03-ICSF, Zie98-ICSP, Brg83-ICSP] or section$ in [Sch93ICSP] and the citations on polytopes at the
end of this subsubsection.

Example3.20 (i) A convex polytope withl vertex is just thepointitself.

(i) Let v',v? € R™ betwo different points. Then, the convex polytope with these two vertices isgitbe
segmentonnecting both points.

(i) Letw?!,w? € R? be two independent vectors. Then, the convex polytope withi tieeverticesv!, v 4
wt,v! +w? is atrianglefor everyv! € R™.

(iv) Letwv?, i =1,2,3,4, befour points such that every of the four points is not in the convex hull of the other
three. Then, the convex polytope with these four vertices is a (conuedrangle

(v) Let{el,...,e™} be the standard basis Bf*. Then,co{Og=»,e!,e?,...,e™} is then-dimensional unit
simplex.
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3.1.2 Extreme Sets
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The following definition of an extreme set does not require the convexity of the set.

Definition 3.21. Let M C R™ be an arbitrary set anB C M.

E is calledextreme sedf M (or extremen M), ifforall x,y € M and allA € (0,1) withAz+(1—AN)y € E
always follows thate,y € E.

If E = {e} is an extreme set di/ with one element, thea is calledextreme poinof M.

The set of extreme points @&/ is denoted byxt(M).

If a point z lies in the open line segment connectingy and is contained i, then the end-points of the line
segmente andy themselves must lie ifr.

Applied to convex sets, the notion of faces could be introduced by additionally requiring the convexity of the
extreme set.

Definition 3.22. Let C C R™ be convex andZ C C be nonempty.

E is called efaceof C, if E is extreme inC' and E is itself convex.

0-dimensional faces af’ are calledextreme) vertices

1-dimensional faces af’ are calledextreme) edges

(k—1)-dimensional faces af' are calledextreme) faceif dim(C) = dimaff (C) = kwithk € {1,...,n}.

C itself is a face ofC'

Extreme Points and Faces of a Triangle

—convex seC
— extreme faceo{v,w}
e extreme point®, w

(vertices)

Example3.23

() C = B1(0) CR™.
Then,ext(C) = @C andC hasinfinitely manyextreme points.

(i) C = int(B1(0)) C R™.
Then,ext(C)= 0.

(i) C =R™hasext(C) =0andC = {x € R™|x > Orn } hasext(C)= {0z~ }.
(iv) C =[-1,1]2 C R2.

Then,ext(C) = {(}), (3'), (), (Z1)} are the extreme points (vertices = 0-dimensional faces) and

co{(7), (7} co{ (1), (CD) Freo{(Z1)s (1)}, co{( ), (})} are extreme sets (edges = 1-dim. face,
in R? edges are the facets).
C is the 2-dim. face.

Remark 3.24. A definition for an extreme poirt € M equivalent to Definitioh 3.21 could be given as follows:
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(i) Forall xz,y € M and all\ € (0,1) with Az + (1 — A\)y = e always follows thatc =
y=e.
(i)  There does not exist points,y € M \ {e} withe € co{z,y}.
(i) C\ {e} is convex.
(iv) Forall z,y € M with %(:c + y) = e always follows thatr = y = e.
(v)  There does not exist pointsy € M \ {e} withe = 1 (z +y).
(vi)  For all convex combinations = ¥ . \;z® withz* € M, X\; > Oforall s = 1,...,k
follows thatz® = e, i =1,...,k
In cases (i)—(v), it is sufficient to prove this for two different points: y, but (i) could not be satisfied for all
A€ [o,1]!

An extreme point lies always on thundaryof the set.
Proposition 3.25. Let M C R™ be an arbitrary set. Therext(M) C M.

Proof. Let x € ext(M) be an extreme point and assume that it lies in the interidvfof Then, there exists a
ball B, () aroundx contained fully inM . For anyn € S,,_; follows:

xr+en,x—en € B(x) C M,
1 1
— (T g —(xr—¢€ =x.
g(@ten 4 (z—en)
Hencex could not be an extreme point which is a contradiction. O

Not every Boundary Point is Extreme

’U3 z ’1)2

—convex seC

e extreme pointss?,
i=1,...,4

e boundary point

s} with z = 2 (v? 4+ v%)

is not extreme

-1 -0.5 0 0.5

Lemma 3.27. Let M C R™. Thenext(co(M)) C M.

Proof. Letz € ext(co(M)). Then,z € co(M), i.e.z =35  Nafwithazi € M,i=1,...,k. Wlo.g.
we may assume that al; > 0, ¢« = 1,...,k (otherwise reduce the sum to those, clearly there must be some
A; > 0).
If k=1, thenz =z € M.
Otherwisek > 2 andA; € (0,1). Then,

xt.

k , Y
z =Xz + > Azt = Azt 4 (1—Ay) >
=2 =2 1_A1

Aq
1—X1

Since >O0forallz=2,...,kand

k >\z 1 k
z.221—>\1 - 1—>\1iz =TT

=2

(1—>\1) = 1,
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z is written as a convex combination ot andzf=2 133\1 x* which are both elements eb(M). The extremal-

ity of z in co(M) yieldsz = z! and hence: € M. O

Corollary 3.28. Let P = co{p‘|i = 1,...,7} C R™ with » > 0. Then, all extreme points (vertices) are
contained in the sefp*|i = 1,...,7}.

Proof. Apply Lemmg 3.2 taVf := {p|i =1,...,r}. O

Proposition 3.30. Let M C R™ be an arbitrary set and& C E C M.
If Eis extreme inE and E is extreme inM, thenE is also extreme V1.

Proposition 3.31. If M C R™ is compact and nonempty, there there exists an extreme poinrtxteM ) # 0.

Proof. SinceM is compact and nonempty, there exists a maximuaf the continuous functiom — ||z||2. We
will show thatZ is an extreme point. To prove this, consider two poinfy € M with %(m +y) = Z (this is
sufficient by Remark 3.24(iv)). The equation

1 1
Flz+yll* + S llz —ylI* = llzl* + llylI* @)

in the parallelograneo{x, y, x + y,z — y} shows that

=N 1 1 1 =N .
2] = ||5(513+y)||2 < S+ lyl®) < Uzl +1z01%) = (122
~— 2 ~— 2
*) **)
(*) and (**) must be equalities to avoid a contradiction. Multify (7) byresolve for ||z + y||? and insert this
in equality (*) gives use = y, hencex = = = y. O

Remark 3.32. LetC C R™ be convex, closed. Thesxt(C') is not closed in general fatim C = dim aff (C) >
2

Consider (cf.[[Web94, remarks after Theorem 2.6.16] or [LEI80, Llei85])

ct:= {m€R3|mf+mg <1, 3 =0},
C?*:={xcR®|xy =1, 22 =0, x3 € [—1,1]},
C :=co(CtuC?),
B':={z e R®|z?+ 22 =1, z3 =0} (relative boundary oC?).

Then,C € C(R3) and
ext(C) = (B*\ {(1,0,0)"})u{(1,0,1)",(1,0,—1) "}

which is not closed((1,0,0) T ¢ ext(C)).
Neverthelessxt(C) is closed fordim C = 2, cf. [Web94, exercise 2.6, 2.] dr [LeiB0, Lel85].
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3.1.3 Separation Theorems
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Notation 3.33. Letn € R™, n # Or» anda € R. Then,
H:=H(n,a) :={r € R"|(n,r)=a}
denotes the hyperplane with the normend offseto.

Hy = Hi(n,a):={z € R"|(n,z)>a},
H_ = H_(n,a)={z € B"| (n,z)<a}

denote the corresponding (open) half-spacgg, and H _ the (closed) half-spaces.
If z° € H, then clearlya = (n,z°).

Clearly, H(n,a) = H(mn, o) o thatn € S, could always be assumed.

Partition of R™ in 3 Parts by Hyperplanes

— hyperplaned (n, «)
half-spaceH (n,a)
—half-space _ (n, )

H(n, o)

Remark 3.34. Let H(n, ) C R™ be a hyperplane. Then,
R™ = H_(n,a) UH (n,0) UH (n,a) = H_(n,0) UH 4 (, )
is adisjoint unionof half-spaces and the hyperplane resp. closed and open half-spaces.
Definition 3.35. Let C, D C R™ be convex sets anH be a hyperplane.
() H separateC andD,if C C H4, D C H_ orvice versa,iiC C H_,D C H,.
(i) H separateC and D properly, if H separate€’ and D and additionallyC ¢ H or D ¢ H.
(i) H separatesC and.D strictly, if C C H4, D C H_ or vice versa.

(iv) H separatesC and D strongly, if there existe > 0 with C +eB;(0) C Hy, D+¢B,(0) C H_ or
vice versa.

Remark 3.36. Let C, D C R™ be convex andH (n,a) be a hyperplane witlC' C H_(n,«a). Then,C C
Hy(—n,—a).

If H(n,«) separateC and D, thenH (—n, —a) is also a separating hyperplane.

The same is valid witl® C H(n,a) andC C H(—n,—a) resp.C C H_(n,a) andC C H(—n,—a).
Sketch of Prooflf ¢ € C, then(n,c) < a. Hence{—n,¢c) > —a,i.e.c € H;(—n,—a). O

Proposition 3.37. LetC, D C R™ be convex, nonempty sets a7, a) be a hyperplane.
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() H separate€C andD, ifand only ifsup, ¢ p (n,y) Sa<infyec(n,x) oOrvice versa, i.esup,c (0, ) <
a <infyep(n,y).

(i) H separate€” and D properly, ifand only ibup,, ¢ (1, y) < a <infzec(n, z) andinf, e p (n,y) <sup,cc(n,x)
or the roles ofC and D are interchanged.

(i) H separatesC and D strictly, if and only if(n, y) <a<(n,x) forall z € C,y € D.

(iv) H separateC' and D strongly, if and only iup, c p(n,y) < a—c < a < a+e <infzec(n,x) or
vice versa.

Proof. () “=": Since Remark 3.36 is valid, we study only the first ca ¢~ H_(n, ), C C H4(n,)".

D CH_(n,a) =sup(n,y) < sup (n,y)=a,
yeD yeﬁ_ (77,(!)

C CH+(T[,O¢) = inf <n3m> > _inf (777'73> =«
zeC z€H+(n,a)

which proves the inequality.
“<«=": If the inequalities are fulfilled, then

(myy) <sup(n,y) <a, (n,z)> inf (n,z) >
yeD z€C

forallz € C,y € D. o o
By the definition of the half-spaces, we hal’eC H _(n,a) andC C H (1, o).
The other proofs are similar. O

Remark 3.38. strongseparation=- strict separation=- properseparation
= separatiorfor any two convex, nonempty subsetR8f

Example (i): non-separable sets

D = B,(0)
[ J C = {ORZ}
—non-separating

Op2 hyperplaneH (n,0)

Example (ii): properly, non-strictly separable sets
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D={(;) eR*lz <0}
—c={()elz>0y>1}
— separating hyperplane

H (n,0) withn = ((1))

(non-strictly separation)

Example (iii): strictly, non-strongly separated half-spaces

D=H_(n,a)
~C=Hy(n,0)
— strictly separating
hyperplaneH (n, )
for C andD

H (n,«) also separateH | (1, )
andH (n, «) properly

and even (non-properly)
H(n,a) andH (1, o)

Example (iv): non-properly separation

-D={(;) eR?*|z <0}
. | —C={{ e lz>0}
T —separating hyperplane

H (n,0) withn = ()

S 1 (not a clever choice)
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Example (iv): better choice of hyperplane— strictly separation

-D={() eR?*|z <0}
C={() €|z>0}

— strictly separating

hyperplaneH (7, 0)
-t g withn = (é)

st 1 (better choice)

Example (v): properly, non-strictly separable sets

-D=B:((3))
C =Bi((y))

— properly, but non-strictly
separating hyperplane

H(n,0) withn = (é)

H (n,0) separatetnt(C') and
int(C) strictly, but not strongly

Example (vi): strongly separable sets
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-D =By (("}9))

I C=B((y)

1? —strongly

osf separating hyperplane
or — H (n,0) with n = (3)

“’ H (n,0) separateint(C') and
- int(C) strongly

Example (vii): strongly separable sets

-D={(j) eR?|z < -1}
C={(G) elz>1}

—strongly separating
hyperplaneH (n,0)

1 withn = (g)

Lemma 3.40. LetC, D C R™ be convex, nonempty. ThdH,(n, a) separates” and D in one of the four ways,
if and only if this hyperplane separatés— D and Oz~ in the same way.

Proof. Let us study only strong separation. Then, Proposjtion|3.37 shows that far @n§, y € D yields

(n,y) <sup(n,y) <a—e and a+e < inf (n,x) < (n,x).
yeD zeC

Using the two equations

at+e<(nz) and (n,y) <a-—c¢,
(mz—y)=(nz)—(ny) > (at+e)—(a—e)=2e>e>0

yields finally ing(n,z) >2e>e> sup (n,z) =0.
zeC— z=0pn
Takinge \, 0, we have the result for the separation only. For proper and strict separation the reasoning is
similar and evident. O

Hence, the separation of two sets can be reduced to the separation of one (convex) set and a point.

Lemma 3.41. LetC, D C R™ be convexH (n,«) be a separating hyperplane and € H. Then,H (n,a —
(n,z%)) separateC — z° and D — z°.
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Proposition 3.46 (Separation).Let C, D C R™ be convex and disjoint and I€f have nonempty interior.
Then,C and D could beseparatecby a hyperplaned .

Proposition 3.47 (strong separation).Let C, D C R™ be convex, disjoint sets and €t be closed andD
compact. Then, there exists a hyperplane whigharate<C' and D strongly.

Proof.  In Subsection 3]2 Propositiofs 3]86(if), 3.].06(v) and RerparK 3.74 show the convexity-oC.

The closedness of this set follows from Proposifion 3.106(iii) and Lelima 3.84. From the assumption follows
Ogrrn & D — C (otherwiseC' N D # ).

We will prove thatdist(Og», D — C) =: § > 0. Assume the contrary and consider™),, C D — C with

™[] = ll0gn —2™|| \, 6 =0.

mM—> 00

Hence(x™),, is bounded and contains a convergent subsequ@tite ), with ™+ ——— . The continuity

m—>00

of || - || shows||z|| = limg—, o ||2™* || = 0. The closedness dD — C shows thatt = Og» € D — C. ButC
and.D are disjoint which shows thatmust be positive.
V= B% (0) is an convex neighborhood of the origin withn (D — C') = @. SinceOg~ is an inner point

of V, Propositiorj 3.46 shows the existence of a separating hyperpldmgc) for VandD — C.
7N # Ogn, SOW.l.0.gn € S,,_1. SinceV has nonempty interior, we set= g > 0. Then,

sup (n,x) =0<e=¢e(n,n) = (n,en)
mG{O]Rn}

< <a< inf
< 21€1€<n,w) <ol inf (n,2)

which shows thaH (), § ) separatez» andD — C strongly by Propositio?(iv). Lem40 shows finally
the assertion. O
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3.1.4 Support Function, Supporting Faces, Exposed Sets
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Proposition 3.48. LetC C R™ be convex, closed anegkzC. Then, thereexistsn € S,,_1 with

sup(n, c) <(n, ).

ceC
Proof. SetD := {x}, then Propositioh 3.47 shows the existence of a hyperptéitg, a) which separate€
and{x} strongly, hence strictly. O
Definition 3.49. Let C C R™, n € R™. The function

0*(+,C):R" - RU{*+oc}
n— 6%(n,C) := sup(n,c)
ceC

is called thesupport functiorof C'.

Remark 3.50. LetC C R™, n € R™.
o If C #0,thend*(n,C) € RU{+oo}.
e If Ogn € C, thend*(n,C) > 0.
e If *(n,C) < 0 forall p € R™, thend*(n,C) = —oo for all n € R™ andC = 0.

e There exist®C' # @ and some; € R™ with §*(n,C) < 0, e.g. fromC = co{—e! + €2, e’ + €2} (e*
the k-th unit vector ofR™) andn = —e? follows that

8*(n,C) = max{(n, —e' +e?),(n,e’ +e*)} = —(e*,e?) = —1.

The following picture shows that the support function in directipis the (signed) distance of the origin to the
supporting hyperplanéd, if ||n|| = 1. 6*(n,C) -n € H, butin generab*(n,C)-n ¢ C.

support function in a direction n € S,,_1 with unique touching point

—convex se”

—supporting hyperplane
H(n,a)

“lal =6*(n,C)|

z

O]RZ

unique touching point in various directions
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e unique
touching point
in various
directions

non-unique touching points in one direction

— non-unique
touching points
in one direction

— supporting
hyperplane
H(n,6*(n,C))

Lemma 3.51. Let M C R™ be a set, then for all € R™
8*(l,M) = 8*(1, M),
0*(,M) =46*(l,co(M))

Proof. For M = () nothing is to prove.
Otherwise, letc € M and(z*), C M be a sequence with

a:k—>a:.

k— oo

The continuity of the scalar product yields

(lamk> —(l,z).

k— oo

On the other hand,
{Lz*y < 6*(1,M) and (I,z) < 6*(I, M),
§*(1,M) < 8*(1,M).
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Obviously,6* (1, M) < 6*(1,M).
Letz = 374 auz? € co(M). Then,

n+1 . n+1
(l,z) = Z a; (l,z*) < 2 a; 6*(L,M) = 6*(l, M)
= i=1
>0 ——
=1
which provesd* (I,co(M)) < 6*(l, M). The converse inequality is obvious. O

Lemma 3.52. LetC' C R™ be convex, nonempty ande 0C'. Then, therexists a hyperplan# (n, o) which
supportsC'in x, i.e.

(n,xz) <« forallceC,

(n,z) =a.
Shortly, this means that' C H_(n,a) andx € H(n,a).
Proof. SincedC = 8(R™ \ C), there exists a sequente®), C R™\ C with z* ——
Propositior] 3.48 states the existence of separating hyperpkigs, o*) for C and{z*} strictly, i.e.

SuB(nka‘:} <o < (ﬂkaﬂﬁk)-
ceC
Since(n*)r C S,_1 is bounded, it contains a subseque(g& ),, converging tag € S,,_1 yielding

(n*,c) < (n*v,z*) forallv €N,
(n,c) < (n,x)

for all ¢ € C. Altogether we reached to prove

sup(n,c) = sup{n,c) < (n,z) =:
ceC ceC

so thatH (n, ) is the wanted separating hyperplane. O

Definition 3.53. Let C' C R™ be convex, nonempty. Each hyperplddén, o) for a boundary point € 8CNC
in Lemmd 3.5P is calledupporting hyperplanef C in directionn.
x is calledsupporting poinbf C' in this direction, if there exists such a hyperplane and additionallyC.
Formally,

Y (n,C):=H(n,a)NC ={ce€C|(n,c) =6"(n,C)}

is called theset of supporting pointsupporting facef C in directionn.

We denoteY (n,C) = {y(n,C)} in the unique case.

Y (n,C) is also callecexposed facef C, in the unique casg(n, C) is calledexposed point
The set of all exposed points is denotedesyp (C).

Exposed Faces
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— convex seC

e supporting point
y(n*,C),i=1,2

— supporting face
Y("?Svc) = CO{’U,’UJ}

The following fact could also be justified by Propositjon 3.59.
Proposition 3.54. Anexposed poink of a convex, nonempty sétis aboundary poinof C.

Proof. Let H (n, ) be a supporting hyperplane withe S,,_1,i.e.C C H_(n,a),x € H(n,a).
Assume thatr € int(C') and letd > 0 such thatBs(x) C C. Then,x + dn € Bs(x) C C and

(myz+0om) = (n,z) +8|nll* =a+d > e,
but this is a contradiction te + én € C C H_(n, ). O

Corollary 3.55. Under the assumptions of Lemina 3.52 there exists an element of a supporting face (namely
x € Y(n,C)), if there exists a boundary point 6f which belongs ta”'.

Especially, this condition is fulfilled, & is closed.

A boundary point is an element of a supporting faén, C'), but it need not be exposed. It is only exposed, if

Y (n, C) consists of only one element.

Not every Boundary Point is Exposed

v3 z 1 v2
1 L 4

—convex seC

05 e exposed points?,
i=1,...,4

e boundary point

~05f with z = %(’U2 =+ 'v3)

is not exposed

Proposition 3.59. An exposed fac#' of a convex, nonempty s€t is an (extreme) face, but not vice versa in
general.

Compare Propositign 3.59 férdimensional faces (namely, the exposed points) with Theprer 3.69.
Proposition 3.60. LetC C R™ be convex and” C C be an exposed face. f€ ext(F), thenz € ext(C).
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3.1.5 Representation of Convex Sets
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Proposition 3.61. LetC C R™ be closed, convex. Then,
C= (] {zeR"[(nz) <5 (n,0)}
neSn_1
If you know the support function of a closed, convex set for every normed direction, you can recover the set itself
by Propositiof 3.61.
representation of a convex sets via support(ing) functions/hyperplanes

intersection based on 8 and 200 supporting hyperplanes
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ZZ2 7 /// I\\\
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i

A\

7
= ///// RN

-1.5
-1.5

Proof. “C”: Let ¢ € C andn € S,,—1. Then,
(n,c) < sgg(nm) <6*(n,C).

“D" If @ € R™\ C, then Propositioh 3.48 shows the existencék(fn, ) (W.1.0.9.n7 € S,_1) which separates

C and{x},i.e.
5*(7770) = Sgg(n&) < <77’m>°

N {z € R*|(n,z) < 6*(n,C)} and

Clearly, « lies in the complement of the right-hand sid2 :=
nESn_1
O

thereforeC O D.
Remark 3.62. Propositiong 3.6[L and 3.16(iii) state that f6 € /C(R™) the representation

co(S) = ﬂ D
D>S
D convex
of the convex hull could be simplified as infinite intersection of halfspaces:
co(S) = ﬂ H_ (n, @)
nESp_1

~ agR:
H_ (nva)DS

a can be specified a¥* (7, co(S)).
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Proposition 3.63. LetC C R™ be closed, convex, nonemptyc R™ andU C R™. Then,

zeco(U) <«=VneESu_1: (n,z) < 6*(n,U),
zeC <= VneS,_1: (n,z) <6 (n,C),
ze€int(C) <=VneS,_1: (n,z) < 6*(n,C),
xz € ol < VneS,_1: (n,z) <6 (n,C),
and3n°® € S,,_1 with (% x) =6*(n°,C),
z €aff(C) <=Vné€S,_1withd*(n,C)=—-38(—n,C): (n,z) =46"(n,C),
z €ri(C) <= Vné€S,—1withé*(n,C)>—-6"(—n,C): (n,z) < (n,C)

Hereby,ri(C) is the relative interior ofC' (the interior of C' w.r.t. aff (C)). For details on the relative interior
see e.g.[[HUL93, I, 2.1].

Proof. cf. [Roc72, Theorem 13.1] or [HUL93, V., 2.2. and Theorem 2.2.3], Proposition 3.61 and Liemmal3.52

Proposition 3.64. Let f : R® — RU {—o0,00} be a positive homogeneous, convex function which is not
identically +oc.
Then, the closurel( f) of f defined as

cl(f) := inf{u|(z,p) € epi(f)}

is support functiorof the closed, convex set

C= () {z R |(La) < F(1)}.

LER™
If £(-) is finite, thenf (-) itselfis support function o€.

Proof. cf. [Roc72, Corollary 13.2.1] Iff(-) is finite, then the closedness §f-) follows by [Roc72, Corollary
7.4.2]iecl(f)=7f. O

Definition 3.65. P C R™ is called apolyhedral setif there existsfinitely manyhyperplanesH (n, a;), i =
.,k with .
P= () H_(n',a).
i=1,...,k
Remark 3.66. Clearly, a polyhedral set is convex by Proposition| 3.5.
Furthermore, each convex polytogeC R™ is a polyhedral set, but not vice versa (sinBecould be unbounded
which could not happen for polytopes).

Proposition 3.67. Let C C R™ be compact and convex. Thef,is the convex hull of its boundary, i.€ =
co(90).

Proof. Clearly,C = int(C)U9C. Letx € int(C). To prove thate € co(0C') we choosey € S,,_1. Then,
the half-rays
{z+Xn|A>0} and {z—An|A >0}

each meet only once the boundary@{this follows by [Lei98, Lemma 2.8] or from [Sch93, Lemma 1.1.8]). The
resulting values are denoted By resp.A2. The functionp(A) := dist(x + An,R™ \ int(C)) is continuous
onR by Propositiofi 3.145. Sinc€' is bounded byB,.(x) with suitabler > 0, the functiony(-) must attain its
maximum on[0, r], hence both values exist. CleatyA4 A1n,z — A2n € 8C.

Finally, Iet us show that is a convex combination of these two boundary points.
Seth := 73 +)\ € (0,1) and consider

Alz+Aan)+ Q=N (z—=2X2n) =z+ AN — (1 =N X2)n ==.

Hencex € co(0C). O

Theorem 3.68 (H. Minkowski resp. M. Krein/D. Milman). LetC C R™ be compact and convex. Thet,is
the convex hull of its extreme points, il€¢.= co(ext(C)).
Krein/Milman (1940): IfC C X compact, convex anX locally convex vector space, th€h= co(ext(C)).
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Proof. “D"is clear, the proof for " uses induction om.
The start withn = 1 is easy:
C = [a,b] with a < b is a typical element of (R).
Let us prove thaéxt([a,b]) = {a,b}.
Considerz,y € [a,b] and X € (0,1) with @ = Az 4 (1 — A\)y. Assume thatc > a or y > a, then the
contradiction
a=xx+(1-Ny>Aa+(1—ANa=a

follows. This shows that € ext([a, b]). Similarly,b € ext([a, b]). All points in (a, b) are clearly not extreme.
Hence,
co(ext([a,b])) = co{a,b} = [a,b].

Inductive stepp — 1 — n, n > 2:
a) case dim C = dimaff (C) < n™
In this case we can use the inductive assumption again, since this lower-dimension@®'$es iequivalent to a
full-dimensional set ilR* with 1 < p < n.

b) case im C = dimaff (C) = n":
From Propositiof 3.67 follows thaf' = co(8C). Fora € AC there exists a hyperplarll (n, ) with €
H(n,a) andC C H_(n,«) by Lemmd 3.50.
Sincex € F := CN H(n,a), F is convex, compact and

dim(F) =dim(aff(CNH(n,a))) = dim(H(n,a)) =n—1,

k _ ,
we can use part a) to show thatc co(ext(F)),i.e.x = 3 A;z7 with 27 € ext(F).
j=1
Since F is an exposed face;’ € ext(C) follows by Propositior) 3.60. Hence; could be written as convex
combination of extremal points «F'. O

Theorem 3.69 (Straszewicz)LetC C R™ be compact and convex. Thexp(C) C ext(C) C cl(exp(C)),
i.e.C =co(exp(C)).

Proof. cf. [Roc72, Theorem 18.6] O

Not all Extreme Points are Exposed

v

— convex seC'

e v is an extreme point, but not exposed

e w is an extreme point and an exposed one
reasonY (n',a1) # {v}, Y (n?,az) = {w}

Corollary 3.70. LetC C R™ be compact and convex. Then,

c=ew U {wGO)kL
lesn—l
Y (1,C)={y(,C)}
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SinceY (I,C) C C, we also have
C =co U Y (,C).

leS, 1

Proof. follows directly from Theorerp 3.69 and the definition of
exp(C) = {y(1,C) |l € Sp_1 With Y (1,C) = {y(1,C)}}
resp. from Proposition 3.67 and Lemna 3.52

representation of a convex sets via supporting points

convex hull based on 12 and 200 outer normals

1 1
0.8 0.8
0.6 0.6
041 0.4
0.2 0.2

0 oF
0.2 -0.2
-0.4| -0.4
~0.6 -0.6
-0.8 -0.8
-1 -1

I I I I I I I I I I I I I I I I I I I I
-05 -04 -03 -02 -0.1 0 01 02 03 04 05 -05 -04 -03 -02 -0.1 0 0.1 02 03 04 05
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3.2 Arithmetic Set Operations
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Basic Facts
Why do we deal with arithmetic operations on sets?

e approximation methods of reachable sets use arithmetic operations on sets (sum, scalar multiple, linear
transformation)

arithmetic set operations are generalizations of vector arithmetic

properties of arithmetic operands (=sets) remain valid for its result (compactness, boundedness)

the operations of convex hull and set arithmetic commute

the operations of support function and set arithmetic commute (sum, multiple by non-negative scalar)

formula for support function of linear transformed set uses only support function of original set

same properties for supporting faces

Basic Facts (continued)
e order of support functions charcterizes inclusion of their sets

e Hausdorff resp. Demyanov metric for convex, compact sets can be defined with support functions resp.
supporting points

¢ the space of compact, nonempty subsefR®fand the the space of convex, compact, nonempty subsets of
R™ are complete w.r.t. Hausdorff distance

Basic Facts (continued)
LetU,V C R™, A € R™*X™ andu € R.
For convex hull:
co(U+V) =co(U)+co(V),
co(n-U) = p-co(U),
co(A-U) = A-co(U)

Basic Facts (continued)
Let C, D convex, nonempty setgl € R™*™ andA > 0.
For support functionsr{ € R™):

6*(n,C+D) = 6*(n,C)+6*(n, D),
*(n,A-C) = X:6%(n,C),
0*(n,A-C) = 5*(At"’77c)a
6*(n,C)<6*(n,D) forallne S,_1 < CCD (if C,D € C(R"))

For supporting pointsr{ € R™):

Y(n,C+D) =Y (n,C)+Y (n,D),
Y (n,A-C) =AY (n,C)
Y(n,A-C) = A'Y(At'nac)

Attention:

e space of convex, compact, nonempty sets with Minkowski sum is not a group (only semi-group)!
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e space of convex, compact, nonempty sets with Minkowski sum and scalar multiplication is not a vector
space!

e in general, no inverse of Minkowsi sum is available
(—1) - Cis notthe inverse o€ in general

e second distributive law is not valid for non-convex sets

e second distributive law for non-negative scalars only is valid for convex sets

Important Tools for (Later) Proofs
¢ valid laws of a vector space (exceptions: inverse, second distributive law)
e second distributive law for non-negative scalars and convex sets
e commuting of sum and multiplication of non-negative scalar and support function/supporting faces
e inclusion of sets corresponds to order of their support functions
¢ Minkowski theorem for Hausdorff distance
e completeness of set spaces w.r.t. Hausdorff distance

e Theorem of Shapley-Folkman
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3.2.1 Definitions and First Properties
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Definition 3.71. LetU,V C R", u € RandA € R™*™, Then,
p-U = {p-u|lueU}, A-U:={A-u|ueU},
U+V = {utv|luelUveV}
defines thescalar multiplication theimageof U under the linear mag — Ax and theMinkowski sum

Example3.72 Letv,w € R™, A € R™*™ andU C R"™. Then,U + {v} coincides with the translatioli + v.
Furthermorep - {v} = {u-v}, A-{v} = {Av} and{v} + {w} = {v+ w}, i.e. all known vector operations
are special cases of the arithmetic set operations.

Proof. U+ {v} ={u+v|ueU}={u|lueU}+{v}=U+wv O
Definition 3.73. LetU, V C R™. Then,
—U:={—u|uelU},

U-V:i={u—v|ueUveV}
defines thepointwise “inverse’and thealgebraic (pointwise) difference
Remark 3.74. LetU,V C R™. Then,

-U= (*1)'Uv
U-V=U+((—1)V)

The operations-U andU — V generalize the vector inverse and subtraction, but in geneii does not give
the inverse w.r.t. Minkowski sum abii— U is normally bigger thar{ Og~ }!

Remark 3.75. LetU,V C R™ and V being (point) symmetric to the origin. Thep,V =V andU -V =
U+Vv.

Proposition 3.76. LetU,V C R™. Then,
(i) U-V)+VDU
(i) (U+V)—VDU
(i) U—-UD{0pn}
(iv) U-U= {0g~} ifand only ifU = {u} with someu € R™.
(v) Strict inclusiondn (i)—(iii) appeasife.g.U =V = B1(0).

Proof. only (iii)—(v) will be proven, (i)—(ii) follow directly from the definition
(iii) follows from Ogn = u —uforu € U, i.e.0pn € U — U
(iv) Clearly, U # 0, if U —U # @ oru € U exists.
“Only if” follows from Example[3.72.
“If:” For all v € U follows thatu —v € U — U andu — v = Og». Henceu = v andU = {u}.
(V) Then,

U —U = B1(0) — B1(0) = B1(0) + ((—1) - B1(0))
=B1(0)
= 2B,(0) = B2(0),
(U+V) -V =(B1(0)+ B1(0)) — B1(0)
= 2B,(0) + ((—1) - B1(0)) = 3B, (0) = Bs(0),
(U= V)4V = (By(0) — B1(0)) + B (0)
=2B,(0) + B1(0) = 3B1(0) = B3(0)
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Example3.77(reliable computing).If 2,y € R are real numbers which should be stored as floating-point numbers
in the computer, for which the floating-point accuracy itypically: e ~ 10~15).
Then, the result of the storage resp. the arithmetical operations yield

T € [x—e,x+e],

yEly—eytel
rt+y €E[x—e,x+e|+[y—e,y+e| =[x+y— 2, xt+y+ 2],
r—yEx—e,xte|l—[y—e,yte]=[r—y—2e, x—y+ 2],
pr€plr—exte]l=[p-x—p-e,p-xz+p-cl, (forp>0),
pxeplr—extel=[p-x—|pul-e,p-x+|pl-el, (for p <0),

i.e. the operations in the computer lie definitely in intervals calculated by the Minkowski sum, algebraic difference
resp. scalar multiplication.

Remark 3.78. some literature on interval analysis and reliable computing:
books: [JKDWOL, AH83, AH74, Mo066]
articles: [Kau80/Kul77| Nic7€g, Mar79, Mar80, Mar95, Mar98]
directed/extended intervals:
[Ort69] [Kau77al Kau77h, Kau80, Mar30, Mar95, Mar98, DimB80, Rat80, Bi-01a, BF0O1b]

Remark 3.79. LetU, V' C R™. Then, the Minkowski sum

U+V=_WU+v)= {J (V+u)

vEV uceU

is theunionof all U translatedby an element of” and

U-V=JWU=-v)={J {(=V)+u).

vEV u€U
Example3.8Q Letr,s > 0, p,q € R™. Then,B,.(p)+Bs(q) = B, s(p+q).
Proposition 3.81. LetU, V' C R™. Then,
(i) U+V =V 4+ U (commutative)
(i) U+{0r~} = U ({Og= } is neutral element)
(i) U+ (V+W)=(U+V)+ W (associative)

Proof. Everything is trivial:

NWU+V={v+u|lueUwveV}=V4+U

(M U+{0pn}={u+Ogn |lucU}={u|luecU}=U

(iii) The left-hand side consists of elementst z withu € U,z € V + W. Butz = v+ w for somev € V,

w € W. Associativity inR™ yieldsu + (v + w) = (u + v) + w which is an element of the right-hand side.
Reversing the arguments gives the other inclusion. O

Minkowski Sum of a Big Square and a Small Ball
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\

Minkowski Sum of a Big Ball and a Small Square

Scalar Multiple of a Square

2L

15F

1k

0.5
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\ — 1st summand@ = [—1,1]?
—2nd summand = B.(0)
e origin

\ —translated set + D, c € 8C

— Minkowski sumC' + D

— 1st summand’ = B;(0)
—2nd summand = [—e,¢]?
e Origin

—translated set + D, c € 0C

— Minkowski sumC + D

-C=[-1,1]*
-D=2.C,
D =[-2,2]?



Scalar Multiple of a Ball

4.5 T T

4

3.5

3

25

Lemma 3.83. LetU, V,U,V C R*" withUCU, VCV. ThenU+VCU + V.
Proof. straight from the definition O
Lemma 3.84. LetU,V C R™ beclosedandone of the sets be boundethen,U + V is closed

Proof. Let (w™),, C U+ V be a convergent sequence witi* ——— w. Eachw™ can be represented
with u™ + o™ withu™ € U, v™ € V, m € N. W.l.o.g. letV be bounded.

Proof. Let (w™),, C U+ V be a convergent sequence witfi"* ——— w. Eachw™ can be represented with

m— 00
u™ 4+ o™ withu™ e U, v™ € V, m € N. W.lo.g. letV be bounded. Ther(»™),,, contains a convergent
subsequencév™#);, C (v™ )y, With 0™ v SinceV is closedw € V. Clearly,(u™*);, converges to

w —v. SincelU is also closedy := w — v eqUooso thatw =u+ve U+ V. O

Non-Closed Minkowski Sum of 2 Closed Sets

i — boundaryof C,
| C = epi(f),
| flz)=3

of C

ob oo _____ — convex set
D={(;)ly<0}

4 I I I I

Non-Closed Minkowski Sum of 2 Closed Sets
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\ — boundaryof C' = epi(f)

61 \

Minkowski sumC + D:

C C C+ D, sincely2 € D,
o C+(;) CC+Dfory<o

_ ---not partof C + D,
belongs tod(C + D)

-4

Proposition 3.86. LetU,V C R™.
() If U,V C R™isnonemptythenU + V is alsononempty
(i) If U,V C R™isboundedthenU + V is alsobounded
(i) If U,V C R™iscompacfthenU + V is alsocompact
(iv) If U,V C R™isconvexthenU + V is alsoconvex

Proof. YIf ueU,ve V,thenu+veU+V.
(i) If U C B-(0),V C Bs(0) withr,s > 0, thenU +V C B, (0)+ Bs(0) = B,15(0).
(iii) The boundedness follows from (i), the closedness from Lernmd 3.84.
(iv) Let w € U +V,i=1,2, andX € [0,1]. Hence, there exista® € U, v* € V with w® = u® + ¢,
i = 1, 2. Since the convex combinations@f andwv? lie in U resp.V, we have

Aw! + (1 = N)w? = A(u' +v1) + (1 = A) (u? +v?)
=Aut+1-Nu)+ M+ Q=N eU+V

ev ev

Proposition 3.88. LetU,V C R™ andA, A € R™X" B € RPX™_ Then,
@ |,-U=U (I,, € R**"™ identity matrix) {,, is neutral element)
(i) B-(A-U)=(B-A)-U (associative)
(i) A(U+V)=A-U+A-V (1. distributive law)
(iv) (A+A)-U C A-U+A-U (not the 2. distributive law)

Remark 3.89. Scalar multiplication of sets is a special case of linear transformation, sinceAvite: Al,, with
|, being then x m-identity matrix; we have

AU={Au|lueU}={AlL)u|lue U} ={ u|uec U} =2\U
forall U C R™.

Proposition 3.91. LetU,V C R™ and A, € R. Then,

(i) 1.U =U (1 is neutral element)

59



(i) A (p-U)=(X-p)-U (associative)
(i) A-(U+V) = A-U+A-V (1. distributive law)
(iv) (Ap)-U C A-U+p-U (not the 2. distributive law)
Example3.92 Letp € R, r > 0andp € R™. Then,u-B,.(p) = B,|.»(11-p).

Proposition 3.93 (“almost 2nd” distributive law for convex set). Let C' C R™ be convex and, . € R with
A-p > 0. Then,
(A+p)-C = A-C+pu-C.

Proof. Clearly, “C” is fulfilled by Propositior] 3.9]L.
case A,u > 0"
A=p=0istrivial, sinceA-C =pu-C = (A+p)-C = {Opn }.
If X4+ p > 0, then considee, ¢ € C and
A [

(et ) +
— C C) = —¢C —C.
Atp # Atp  Atp

eC

This is a convex combination of elementsth hence
Ac+pec € (A+p)C.

case A, u < 0"
Since
A-C=((=1)-|A)-C=(]Al-(=1))-C=|A]-((—1))-C),

considerC = (—1) - C which is also convex by PropositiOG(V) and resp.|p| instead ofA andu. The
first case shows B B B B
IA[-C+|ul-C = (Al +|ul) - C = [A+ul-C.

Replacing@ again by(—1) - C and using Propositil(ii) finishes the proof. O
Example3.94 (negative scalar).LetC = B1(0) C R™ andA =1, u = —1. Then,(A+ p)C # AC + uC.
Example3.95(nonconvex set)LetU = {£e'} C R® and\A = p = % Then,(A+ p)U # AU + uU.

Proof.
1 1
(>\+N)U:(§+5)'U:1‘U:U,
1 1
AU‘I‘[LU: 5{i€1}+5{i61}={61, —61,0\;\71}#[]. O

Example3.96(repeated Minkowski sumletU = {0zn,e'} C R™ andN € N. Then,y ¥ | U # U, since
N 1 k

> U= {—=-e'lk=1,...,N}.

=i N N

The limit for N — oo of these Minkowski sums tend to(U) = co{Ogn,e'}, cf. Lemmd 4.2B.

Remark 3.97. Clearly, Exampl¢ 3.94 and Propositipn 3|76 show thatk™), +) is not a group(only a semi-
group and a convex cone, df. [Rad52]), since no inverse element is available in general.

—U is in general not the inverse elementléfw.r.t. Minkowski sum.

(C(R™),+,-) is also not a vector spagsince the second distributive law is not valid.

Remark 3.98. To avoid difficulties not having a vector space, oftembeddings
J:CR™) -V
into avector spac& with J(C+D) = J(C)+J (D) andJ(A-C) = X-J(C) for A>0 are used.

Known examples:
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(i) Vo ={(C,D)|C,D € C(R™)} with
(C,D)+(C,D) := (C+C,D+D),
X (C,D) := (\-C,\-D) (A>0),

and sefy :=V,/ ~ as quotient)‘éggc’:gk/i:th:e%ﬁibgéJ%g %}ation (A<0)

(C,D)~ (C,D) < C+D=D+C)
with J(C) = (C,{0zn }) € V, cf. Radstrom in[[Rad52] resp. [PUD2]
Remark 3.98 (continued).

(i) YV =C(Snh-1), i.e.the space of continuous, positively homogeneous functions with real values
J(C) =d6*(-,C) for C € C(R™)
cf. Hormander in[[H6r54]

(i) 'V being ag-linear spacean algebraic extension of a quasi-linear space
see [Mar98| Mar00]

(iv) a huge literature exists ominimal pairsof convex sets (cf. (i)) with additional minimality conditions
for an overview see the bodk [PU02]

(v) V being a space dfirectedintervals resp. sets
cf. [Kau80/Mar79| Mar95, BFO1&, BFO1b]

Remark 3.99. Many attempts to define a better difference of convex sets are made:
(i) embedding from the semi-group into a group
C 6 D=(C,{0g})—(D,{0sn}) = (C, D)
cf. R&dstrom in[[Rad52]
(i) embedding from the semi-group into a group
coeD=6*(-,C)—6*(-,D) € C(R™)
cf. Hormander in[[H6r54]

(iii) geometric difference (star-difference, Minkowski difference)

C=D:= (] {zeR"|(n,z)<é"(n,C)—6"(n,D)}
nESn_1
={zeR*|x+DCC}= ) (C—d)
deD

cf. [Had50, Pon6/7]
Remark 3.100 (continued).

(iv) Demyanov difference

C=D:=c |J {y(n,C)—y(n,D)}
n€TcNTp

cf. Definition3.16p and [DR95-IAQ, RA92-IAO, DKRV97]
(v) difference motivated by g-linear spaces
C—"D = (C=D)U(—(D*0))
cf. [Mar98,[Mar00]
(vi) non-convex, nonempty visualizable difference of directed sets,
CoD=J,(C)—J,(D) € D(R™)
J.(+) an embedding af (R™) in the space of directed sets, ¢f. [BFOLa, BFO1b]

(vii) a unified treatment of algebraic and geometric difference[ cf. [Ric03]
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Algebraic Difference of C = [—1,1]2 and D = B,.(0) with

<

T

0.5

\

Geometric Difference ofC = [-1,1]? and D = B,.(0) with r = %

o
N
SRR
S

s
i

i
I
/

i
i

kX
i
1

TR
AR
i

sorctinti
S

N[ =

algebr. difference&C — D
equals Minkowski sunC' + D

(cf. Remark 3.7p)

2

C =D is the grey square

which is created by

(non-)supporting hyperplanes

6*(n,C) —6*(n,C)

is not convex here (cf. Propositipn 3]64)

Non-Convexified Part of Demyanov Difference forC = [—1,1]? and D = B,.(0) with r = 1
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05 / \\
difference of unique

ok supporting points

y(n,C) —y(n,D)

forme TcNTp
15 | | | | |

-1.5 -1 -0.5 0 0.5 1 1.5

Demyanov Difference ofC = [—1,1]%? and D = B,.(0) with r = %

Directed Difference of C = [—1,1]? and D = B,.(0) with » = %
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1.57

05 Tﬁ i ?QT Jn(C) —Jp(D) has a

non-convex visualization
incl. the grey squar€ =D
and e.g. four non-convex arcs.

-0.5¢ ¢7>>A T f 1 The arrows indicate the orientation
I (details in [BEO1D]).

Lemma 3.101.Lety € R, A € R™*™ andU,U C R™ with UCU. Then,
A-UCA-U and p-UcCp-U.
Proof. straight from the definition O
Proposition 3.102. LetU C R™ and A € R™*™,
(i) fU C R™isnonemptythenA .U is alsononempty
(i) If U C R™isboundegthenA-U is alsobounded
(i) If U C R™iscompactthenA -U is alsocompact

(iv) If U C R™isconvexthenA U is alsoconvex

Non-Closed Linear Transform of a Closed Set

I
|
10+ !

—boundary ofC
‘ C = epi(f),
i fx)=21,2>0

51

-D=A-C,

J
| 10
A_(o 0)'

il D = (0,00) x {0}

: ‘ : : and not closed

!
| .
o0---© is open
|

(; 0.5 1 15 2

Remark 3.104. If U C R" isclosedand A € R™*™ isinvertible thenA - U is alsoclosed

Proof. Consider a converging sequen@g™),,, C A-U with v™ = Au™, u™ € U for m € N approaching
v € R™. Then,(A~1v™),, = (u™),, is a converging sequence U approaching: := A~1wv. SinceU is
closedu € U andv = Au. O
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Proposition 3.106.LetU C R™ andu € R.
() If U C R™isnonemptythenu - U is alsononempty
(i) If U C R™isboundegthenu - U is alsobounded
(i) IfU Cc R™isclosedthenu U is alsoclosed
(iv) If U C R™iscompactthenu - U is alsocompact
(v) If U C R™isconvexthenu - U is alsoconvex
Proposition 3.107. LetU,V C R™, A € R™*™ andu € R. Then,
co(U+V) = co(U)+ co(V),
co(A-U) = A-co(U) and co(pU) = p-co(U).

Corollary 3.108. Let P = co{p*|i=1,...,7} and@Q = co{q’ | j = 1,..., s} be two polytopesd € R™*x™
and € R. Then,
P+Q=co{p'+¢|li=1,...,r, j=1,...,5},
A-P=co{Ap‘|li=1,...,r},
AP =co{\p‘|li=1,...,7}
are again polytopes with maximal+ s resp.r vertices.

Proof. Apply Propositior] 3.107 t&/ := {p*|i = 1,...,r} andV := {¢? |j = 1,...,s}. O

Minkowski Sum of 2 Polytopes
5.

s

3k

— 1st polytopeC

— 2nd polytopeD

formingC + D

Minkowski Sum of 2 Polytopes
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5 T
|
|

4+ : 4

af X l X 1

2t : E
l

1 o ., o 1 X vertices ofC
|

R ' S

A ! | overtices ofD
|
|

2k ! -
l

-3+ ! .

° X | X of vertices

7 1 formingC + D
|

e 0 . 2 s 4 s

Minkowski Sum of 2 Polytopes

5 T T T

4+ 3 C 4

3r i

2r i

1F 4

of 1 — Minkowski sum

b C+ D

Remark 3.109. A more intelligent algorithm for computing the Minkowski sum of two polygoi&jnmeplacing

the calculation of all sums af - s pairs of vertices in Corollary 3.108, can be found e.qg.[in [dvGS97, Algorithm
before Theorem 13.10]. Its complexity@(r + s) for the computation oo(U') 4 co(V'), but O(r - s) for
co(U) +V andU + co(V) (only one convex set) as well 8(r? - s2) in the true non-convex case for the
computation olJ + V.

For Further Reading on Set Arithmetics
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3.2.2 Properties of Support Functions

68



Remark 3.111. We use the conventions

r+oo=oc0 foralxzeR,
00 + 0o =00,

A-oco=o0 forall X >0,
0.-0c0= 0.

Proposition 3.112. LetU C R™ be nonempty antle R™.
@) o*(N,U) =X-0*(I,U) (A>0) (positively homogeneous)
(i) 6*(l4+n,U) <6*(1,U)+6*(n,U) (n € R™) (subadditive)
(iiiy 6*(-,U) is convex
Corollary 3.113. If U C R™ is included inB,.(m) withm € R™, » > 0. Then,

|6*(L,U) — (I,m)| < r-||l||2 foralll € R™,
|0* (1, U)| < r-||l|l2 foralll €R™,if m = On.

Proposition 3.114. Let U C R™ be included inB,.(0) with » > 0. Then, the functiod*(-,U) is Lipschitz
continuous with Lipschitz constant

Proof. Consideru € U C B,.(0) andl,n € R™. Then,
(lyu) —6*(n,U) < (Lu) — (n,u) = (Il —n,u)
< E=nllz-[lullz < 7-[[T—nll2.
Approaching with(l, v) the supremund*(1,U) gives

*(LU)=6*(m,U) <r-[lL—nl2.

The same arguments with interchandedhdn give 6*(n,U) — 6*(1,U) < r- ||l — n||2. Hence,
6*(1,U) = 6*(n,U)| <7+ Il — 7|2

Proposition 3.115. LetU, V' C R™ be nonemptyA > 0 andl € R™. Then,
*(LU+V) =6*(1,U)+6*(1,V),
*(L,AU) = X6%(L,U).
Proof. ()Letze U+ V,ie.z=u+vwithue U,v € V. Then,
(Lz) = ({l,u) + ({l,v) < 6*(L,U) +6*(1,V)

which shows K",
If u e U,v €V, then
(Liu)+ {,v) = l,u+v) <*(L,U+V)

which shows 2", if both terms on the left-hand side converge to the corresponding sups&@dal’) resp.
o* (L, V).
(i) If AX=0,thenX.-U = {0~} and

*(,A-U)= sup (Lz)=(l,0pn)=0
x€{O0rn }

which shows equality, even &* (1,U) = oo.
Now, letx > 0. Letz € A-U,i.e.z = AX-uwithu € U. Then,

(1, 2) = A~ (Lu) < X-6*(1,U)
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(even ford*(1,U) = oo) which shows <", if (l,z) approaches the supremuim(l,A-U).
“>"If uw e U,then

1 1
Lu)=— - {L,A-u) < —6*(U,N-U).
(tu) = 3+ (LA u) < 26 LA-D)

Approaching with the left-hand side the supremdiffl, U) and multiplying withA > 0 showsA - §*(1,U) <
o*(I,A-U). O

Addition of Support Functions by Minkowski Sums

—convex seC = [—1,1]?

— convex seiD = B.(0)

— Minkowski sumC' + D

— corresponding
hyperplanes o€, D,C + D
in common directiom

- -- value of support
functions of C, D,C + D
o % in directionn,
01+ 02 =03 =6*(n,C+ D)

Proposition 3.116. LetU C R™ be nonemptyd € R™*™ andl € R™. Then,
*(1,A-U)=6*(A" -L,U).
Example3.117 Letn € Nandl = (I1,...,1,)T € R™.

() point-setU = {u} with u € R™:
o*(L,U) = (l,u)

(i) finite intervallZ = [a, b] with @ < bandn = 1:
(1, IT)=1-bforl >0,
(1, IT)=1l-aforl <0

(iii) unit ball By (0) C R™:
6*(1, B1(0)) = [|!]l2

(iv) ball B,.(m) C R™ withm € R™, r > 0:
6% (I, Br(m)) =7 [|l]l2 + (I, m)
Example3.117(continued).

(V) unitsquarg—1,1]™ C R™ (unit ball w.r.t.|| - || co):

n

(L, [=1,1]") = (It = ) [kl

=1
(vi) unitballU C R*w.rt. || - ||1,i.e.U = co{xe* |k =1,...,n}:

6*(L,U) = |llllc = max |l
k=1,...,n

9ceey
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(vii) unitsimplexU = co{Ogn,el,...,e"} C R™:

6*(l,U) = max(0, max ;)

=1,...,m

Hence, e.g.

0, ifl; <0 foralli =1,...,n,

5*(1,P) =
¢ P) {l ifl; <lforallj=1,...,n.

(viii) (convex) polytopeP =co{p® : i =1,...,M} C R™
0*(1,P) = i:r{}?.),(Ma,p )

(ix) ellipsoid€(a,Q) :={x e R*|(x—a) Q! (x—a) < 1} C R™ with centera € R™ and configuration
matrix Q € R™*™ which is symmetric and positive definite:

5*(l,5(a, Q)) = <l7a> + v <l’ Ql>

Proposition 3.118.LetC; € C(R™:) withn; € N, i = 1, 2. Then, the support function 6f := C; x C; C R™
With n := nq +n in directionl = (1) € R™ with 1 € R™, i = 1,2, fulills:

0*(1,C) = 6*(I*,C4) + 6*(1%,C>).
Proof. Propositio} 3.]7 shows the convexity 6F, the equation for the support function follows directly. O
Proposition 3.119. LetU, V' C R™ be nonempty witl/ C V. Then,

(1, U)<6*(l,V) foralll € R™.

Proposition 3.120. LetC, D € C(R™). Then,CCD if and only if6*(I,C)<d*(I, D) foralll € S,,_1.

Ordering of Support Functions by Set Inclusion

Ordering of Support Functions by Set Inclusion
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7
L/ ]
(]

— convex sefD = B3(0)
plotted with hyperplanes

7

7

4

===

P
o> :i'

%

A0S

ERE:

—convex seC = [—1,1]?
— convex sefD = Bs(0)

“In every directiorn:
6*(n,C)<d6*(n, D)
> which is equivalent to
ccD
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3.2.3 Properties of Supporting Faces

73



Lemma 3.122. LetU C R™ be nonempty antie R™. Then,
Y(,U) CY(,co(U)) and co(Y(l,U))=Y(l,co(U)).
If U is additionally convex, thel (I,U) is convex.
Lemma 3.123.LetU C R™ be nonempty antle R™. Then,
Y(1,U) CY(,0).
If U is additionally closed, thel (1, U) is closed, but does not coincide wi¥h(l,U) in general.
Example3.125 LetU = co{Ogn,—e'} Uco{0rn,e'} C R? which is a non-convex set angi= (3). Then,

Y(n,U) = {_elael}a
co(U) = co{Ogn,—e',e'},
Y (1, co(U)) = co{—e*,e'} = co(Y (1,1))

Let V = co{Ogn,—€'}U{p-e!|p € [0,1)} C R? which is a non-closed, non-convex set apd= (7).
Then,

Y(n,V)= {_81}9
VvV =U,

Y(777V) = {_elael} 2 {_el} = Y(nav)'

ForW = int B, (0) follows thatY (n, W) = 0 for all n € R™, n # Ogn,
butY (n, W) =Y (n,B1(0)) = {n}.

Visualization of Example[3.125

U = co{0Ogn,—e'} Uco{Orn,e'}
Y (m,U) = {£e'}

_el q\ n el

—non-convex selt/

— hyperplane
H(n,6*(n,U))

e supporting points
—el,el of U
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co(U) = co{0gn,—el,el}
Y (n,co(U)) = co{xe'} = co(Y (n,U))

— convex seto(U)

— hyperplane
H(n,6*(n,co(U)))

— supporting set
co{—e',e'} of co(U)

V = co{Ogn,—e'}U{u-e'|[p €0,1)}
Y(n,V)= {_el}’ Y(T],V) = {:I:el}

Y(n,V)# Y(T[,V)

—non-closed sV
— hyperplane

H(n,6*(n,V))
e supporting point
—elof V

Proposition 3.126. LetU C R™ be nonempty anll€ R™.
) Y(NLU) =Y (1,U) (A>0) (positively invariance)
(i) Y(\-LU)=U (A=0)
(i) Y (-,U) isconvexif U is additionallyconvex
(iv) The set-valued map — Y (n,U) is u.s.c.(cf. Definitio 4.1).
Proposition 3.127. LetU, V' C R™ be nonemptydA>0 andl € R™. Then,

Y(L,U+V) =Y, U)+Y(,V),
Y(,AU) =AY (,U).

Proof. (i)D" LetzeY((,U)+Y(,V),ie.z=u+vwithueY(,U),v€Y(l,V). Then,
{l,z) = (L,u)y + (l,v) =61, U)+6*(I,V).
“C" Considerz=u+veU+VwithuecU,veVand(l,z) =6, U+ V). Assume thau, ¢
Y(,U)orv ¢ Y(l,V). Then,
,z)y = (l,u) + (l,v) < 6", U)+6*(1,V) =61, U+ V)
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which is a contradiction ta € Y ([,U + V). Henceu € Y (I,U) andv € Y (I, V') such thatz is an element
of the right-hand side.
(i) “ C™ The case A = 0" is clear, since

Y(,0-U)=Y(,{0gn}) ={0rn}=0-Y(,,U).

Now, considet\ > 0.
Letze Y(I,A-U)CA-U,ie.z=X-uwithu € U. Then,

S*(UA-U) = ({1,2) = A- (l,u).

Since Propositiop 3.115 holds, we hag(l,U) = (l,u),i.e.u € Y(I,U) and hence € X-Y (1, U).
“O"If zeX-Y(I,U), then there exista € Y (I,U) with z = X -u. Then,

(I,z) =A-(u) = X-6*(1,U) = 6*(I,A-U)

by Propositiof 3.175. Hence,€ Y (I,A- U). O
Addition of Supporting Faces by Minkowski Sums

| —convex seC = [—3, 3]?
plotted with
supporting faces

1 —convex seiD,

1 D=co{(}):(1):(0)}
1 plotted with

1 supporting faces

— Minkowski sumC + D

L L L L
1 2 3 4 5

Y3 |
Y? | —squareC = [—3,3]?
| —triangleD

1 n 1 vyl | = Minkowski sumC + D

1 — supporting face¥ * in
common directiom:

1 Y4+Y2=Y3,

1 Y3=Y(n,C+D)
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Proposition 3.128. LetU C R™ be nonemptyd € R™*™ andl € R™. Then,
Y(I,AU)=AY(A".1,U).
If you know the supporting face @f in every direction € S,,_1, then you know it also for the set - U.

Example3.129 Letn € Nandl = (I3,...,1,) T € R™.

() point-setU = {u} with u € R™:
Y(,U) = {u}

(i) finite intervallZ = [a,b] with a < bandn = 1:

Y(,ZT)= {b}forl>o0,
Y(,T) = {a}forl <O,
Y(,T) =[a,b]forl =0

(iii) unitball B1(0) C R™, 1 # Ogn:

Y (1, B (0)) = {”lln 1}
(V) ball B, () C R™ with m € R™, + > 0 andl # Ogn
Y (1, B, (m)) = {r- ||zl|| 4 m}

Example3.129(continued).
(v) unit squard—1,1]? C R? (unit ball w.r.t.|| - ||oo) @ndn = 2:

cof{ (_11), (i)} for p = 0,

()} for ¢ € (0,3),

co{(7): (1)} fore=73,

2 _11 forp € (3,7),

Y [=117 = ié{():};), () fore =(77, )

{(:i)} forp € (77337#)7

co{(T1), (1)} fore=7%,

{2} for ¢ € (5, 2m),

wherel = (:’j((;))) @ € [0,27).

(V') unitsquareP = [—1,1]™ C R™ (unit ball w.r.t.|| - ||so):
no easy formula available for general cf. (viii)

(vi) unitballP C R™ w.rt.||-||1,i.e. P = co{xeX |k =1,...,n}:
no easy formula available for general cf. (viii)

(vii) unit simplexP = co{0gn,e!,...,e"} C R™
no easy formula available for general cf. (viii), but for special choices dfwe have

Y(1,P) = {Oﬂljn}, !fli<0forallz‘: 1,...,n,
{e*}, ifl; <lpforallj=1,...,n.
(viii) (convex) polytopeP = co{p® : i =1,...,m} C R™, 1 # Ogn:

. . 1 . 1
Y(I,P) = co{p? |j =1,...,m with <m-l,p7> :6*(m-l,P)}
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(ix) ellipsoid€(a,Q) :={x €R"|(x—a) T Q! (x—a) < 1} C R™with centera € R™ and configuration
matrix Q € R™*™ which is symmetric and positive definite:

1
Q=1

Y(,E(a,Q)) ={ -Ql+a},

WhereQ% is the (uniquely defined) square root of the maixwhich is itself symmetric and positive
definite (cf. [Bel70, section 6.5]).

Proposition 3.130.LetC; € C(R™) withn; € N, ¢ = 1, 2. Then, the supporting face 6f := C; x C3 C R™
With 1 := ny + ny in directionl = (g) € R™ with I € R™i, 3 = 1,2, fulfills:
Y(1,C)=Y(',Cy) x Y(I%,C5).
Proof. This follows from Propositionis 3,7 aind 3.118 by direct calculations. O
Proposition 3.131. LetU, V' C R™ be nonempty witl/ CV andl € R™ with §*(1,U)=6*(1, V). Then,
Y (I, U)CY(I,V).
Corollary 3.132. If U C R™ isincluded inB,.(m) withm € R™, r > 0. Then,

1Y (1,U) —ml| < 7.

78



3.2.4 Metrics for Sets
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Definition 3.134. Let V- C R™ be nonempty and: € R™. Then,

dist(x, V) := 1}2{/”37_”” € [0,00)

is called thedistanceof « to V.
Let additionallyU C R™ be nonempty. Then,

d(U,V) := supdist(u,V) € [0,00) U {400}
ucU

denotes thene-sided distancef U to V.
The value
dH(Ua V) = max{d(Ua V),d(V, U)} € [03 OO) U {+OO}

is called theHausdorff distancef U andV .

Lemma 3.135.Letu € R™ andU, V C R"™ be nonempty. Then,

dist(u,V) =inf{e > 0| ucV +eB1(0)},
d(U,V)=inf{e >0|UCV +eB;1(0)},
dup(U,V) =inf{e > 0|UCV 4+eB1(0),VCU +eB+1(0)}.
Proof. The first formula is a special case of the second formula. Set
dy := supdist(u,V),

uelU
dy:=inf{e >0|U C V+eB1(0)}.

1. cased; = oo
Then, there existéu™),, C U with dist(u™,V) > m. Clearly, ||[u™ — v|| > dist(v™,V) > m for all
veV.

The following reformulations are valid for ali € V':

u™ —v ¢ B,,(0),
u™ ¢ v+ B,,(0),
u™ &V +m-B;(0)

Since some element (hamaly®) is not included in the right-hand sid€, ¢ V +m - B1(0) anddz > m. This
shows thatly = oo.
2.caseds = oo
Then, there exists a sequen@g,, ) tending to infinity withe,,, > 0 andU ¢ V + ¢,,B;(0). Hence, there
exists(u™ ), C U with

u™ &V +e,,-B1(0).

Hence, foralw € V'

u™ ¢ v+en - B1(0),
u™ —v & e,,B1(0),

[w™ =]l > em

anddist(u™,V) > &,,. This shows thatl; = oc.
3. casal;,dsy < 00!
Foru € U we havedist(u, V') < sup,, ¢y dist(u, V') = d;. Hence, there exis{@™),, C V with

1 1
dist(u, V) < |lu—v™| < dist(u, V) + — < dy + —.
m m
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Hence, the following reformulations are valid:
m 1
u—v™ € (di + —)B1(0),
m
1 1
m m

weV+ ) (d1+%)31(0)

meN

Since(d; + %)m converges monotone th , the intersection gives simptjy B (0), so thatu € V +d; B1(0)
and hencegds < d;.

Let (e,»)m @ monotone decreasing sequence convergindptwith U C V + ¢,,B1(0). Hence, for all
u € U we haveu € V + ¢,,, B1(0) so that there exists™ € V with u € v,, + £,,B1(0). The following
reformulations are valid:

U — Uy € £, B1(0),
lu —vm| < em,
dist(u,V) < [[u—vm|| <em
This showddist(u, V) < d3 and henced; < da.
In all three cases we have shown that= d-.

The third equality follows immediately fromg (U, V) = max{d(U,V),d(V,U)} and the second equality.
O

Visualization of Hausdorff Distance

| —convex seC = Bz ((}))

5[ 1 —convex seD = Bl((iig))

Visualization of Hausdorff Distance
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Visualization of Hausdorff Distance

8

| —convex seC = Bz ((}))

1+V2

| —convex seD = B1((;1V3))

e farthest point from D:

dist(¢,D) =d(C,D) =&,

| — (one-sided) Hausdorff distance

e1 = d(C, D) = d(C, D)

1 — suitable neighbourhood of D:

C C D+€1B1(O) =V

| —convex seC = Bz ((}))

14+2

1 —convex seD = Bl((1+ﬁ))

o farthest poinﬁ from C:

dist(¢, D) =d(C,D) = e2

| —one-sided Hausdorff distance

Eg = d(D,C)

1 — suitable neighbourhodd of C:

D C C+€2B1(0) =U

Definition 3.136. Let U C R™ be nonempty. Then,
Ul == Slelgllull € [0,00) U {+o0}

defines thenormof U. Thediameterof U is defined as

diam(U) := sup |jlu—v|| € [0,00) U {40}

u,veU

The distances and the norm are generalization of the norm distance resp. norm of vectors.

Lemma 3.137. Letz,y € R™ andU C R™ be nonempty. Then,
() da({=},{y}) =d({z},{y}) = dist(z,{y}) = ||z -yl

(i) d({z},U) = dist(x,U)
(i) [[{z}I = izl

Lemma 3.138.LetU,V C R™ be nonemptyr € R™. Then,
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(I) diSt(ORn 5 U) = infueU ||u||
(i) dist(xz, U)<||z —u|| < |||+ ||u||< co forall w € U
Furthermore dist(x, U) <||z|| 4+ dist (O~ ,U) = ||z|| + 125 ||l
(i) dist(z, U)<||z||+ ||U|| = ||x|| 4 sup ||u]||, butdist(x,U) < oo, even ifU is unbounded
uwelU

(iv) d(U,V) < du(U,V)<[U[+ V]|
(v) fUCV withV C R™, then||U||<||V|]-
(vi) f U C B,.(0), V C B,(0) withr,s > 0, then
d(U,V) <du(U,V) <7+ s < oo.

The next lemma lists basic properties of the distance, when considering set inclusion, closure or convex hull.
Lemma 3.139. Let V, W C R™ be nonempty with DV andu € R™. Then,
() dist(u,W)<dist(u,V)

(i) dist(u,V)=dist(u,V)

(iii) dist(u,co(V))<dist(u,V)
Proof. (i) Clearly, the infimum decreases:

dist(u, W) = wlg‘f}'V | —w| < ul;relf"/ ||lu —wl|| = dist(u, V)

(i) Since V' C V, the inequality <” follows by (i).
Let (w™)y,, C V with dist(u, V) < ||lu —w™|| < dist(u, V) + ﬁ for m € N. Choosgv™),, C V with

o™ —w™|| < S (V is dense iV).
Then,

dist(u, V) < flu—o™| < Jlu —w™ || + [[w™ — o™
— 1 1 — 1
< (dist(u, V) 4+ —) + — =dist(u, V) + —
2m 2m m

for all m € N showing the wanted result.
(iii) Since V' C co(V), the inequality ‘<" follows by (i). O

Example3.14Q There are examples for which strict inequality appear in Lefnma B.139(i) and (iii).
Distance of a Point to a Set Decreases by Convexifying

—el +e2 T el +e2

ORZ
—non-convex se/ = co{—e! +e2,032} Uco{e! +e2,0z2}
e pointx
— nearest distance fromto U: dist(z,U) = ?
nearest point of in U is non-unique (herev,w € U)
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Distance of a Point to a Set Decreases by Convexifying

—el +e2 x el +e2

O]R2

— convexified seto(U) = co{—e! + e2,0p2,e! + €2}

e pointx

— nearest distance fromto co(U): dist(x,co(U)) =0
nearest point of in co(U) is z itself, sincex € co(U)

The next two lemmas state that the distance of a point to a set behaves like a normal distance. Furthermore,
they show estimations of the distance, when applied to set arithmetic.

Lemma 3.142. LetU, V, W, Z C R™ be nonemptyy € U, v € V andu € R. Then,
(i) If dist(u,V)=0, thenu € V and vice versa.

(i) dist(u, W)<||u —v||+dist(v,W) forallv e V
dist(u, W) <dist(u,V)+d(V,W)

(iii) dist(u+v, W+2Z)<dist(u, W)+ dist(v, Z)

We prove only (ii). The other ones are (also) rather trivial.
(i) Letv € V,w € W. Then,

dist(u, W) < [lu —w|| < [lu—v| +|lv —w]|.
Choosg(w™ ), C W with ||lv —w™|| \, dist(v, W), then
dist(u, W) < ||lu —v|| + dist(v, W).

For the second estimation, observe that

dist(u, W) < ||lu —v|| + supdist(v, W) = ||lu — v|| +d(V,W).
veEV

Choosg(v™),, C V with ||lu —v™|| , dist(u,V), then

dist(u, W) < dist(u, V) +d(V,W).

Lemma 3.143.LetV C R™ be nonemptyy € R™, A € R™*™ andu € R. Then,
(l) diSt(U'u’ V"V) = |“|'di5t(ua V)

(i) dist(A-u,A-V) < || A|-dist(u, V), where|| - || is amatrix normcompatible with the Euclidean vector
norm|| - || (see Appendix, e.g. Example |A.4).
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Proposition 3.145.Let A C R™ be closed and nonempty. Than— dist(x, A) is Lipschitzcontinuous orR™
with constantL < 1.

Proof. Letz!, 2% € R™ anda',a? € A one of the existing best approximationsagdf resp.a2 in A (they exist
by the assumptions aA, but are in general non-unique). Hendést(x!, A) = ||z — a'|| anddist(x2, A) =
|lz2 — a2||. Now, the optimality ofa' for =1 shows

=t —a'|| < [z —a®|| < [l=* — || + [|=* — a®|,
dist(x', A) — dist(z?, A) < ||z — z?||.
In the same spirit, the converse estimation
dist(x2, A) — dist(z!, A) < ||z* — 2?||
could be proven. O
The next lemma shows the connections of norm and diameter to the distances.
Lemma 3.146.Letx € R™ andU C R™ be nonempty. Then,
() [|U[| =d(U,{0rn}) = du(U,{0zn})
(i) d(U,{z}) = ||U —=||
(i) dist(Ogn,U) =d({0x~ },U)<d(U,{0:xn}) = ||U]|
(iv) diam(U) = ||[U-U||
The next lemma is only a technical one and is used below only once.

Lemma 3.147.LetU € K(R™) (cf. Definitior 3.2) (u™) ., C R™ and sel,,, := {u™} € C(R™). If (Upn)m
is a sequence converging 9, then the limit of(u™),, exists iNR™ andU = {u}.

Assume there existw € U \ {u}. Fore = w choosek > max{M (&), M (&)}. From (2?) follows
w € {u™}+eB1(0) = {u}+ {u™ —u}+eB1(0)
C {u} + B=(0) + B:(0) = {u} +2¢B1(0)

and||lw —ul| <2< ”wg“”. This leads to the contradictiom = u. ThereforeU = {u} and from @?)

follows the convergence of the complete sequec®),,,, since

{u} C {u™}+eB1(0) and ||u—u™| <e.

We generalize the former lemmas to the one- and two-sided Hausdorff-distance.
Proposition 3.149. LetU, V, W, Z C R™ be nonemptyd € R™*™ andu € R. Then,
() If additionally V- C W, thend(U,W) < d(U,V) andd(V,U) < d(W,U).
(i) A(U,V)=4d(U,V)=d(U,V)

(i) d(U,co(V)) <d(U,V) < d(co(U),V)
d(co(U),co(V)) < d(co(U),V)

(iv) If d(U,V) =0, thenU C V and vice versa.
V) d(p-U,p-V) = |p|-d(U,V)

(Vi) d(A-U,A-V) < ||A]|-d(U, V)

(vi) d(U,W) <d(U,V)+d(V,W)
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(i) d(U+V,W +2) < d(U, W) +d(V, Z)
The Hausdorff distance is a metric on the set of all nonempty, bounded, closed suli¥@ts of
Proposition 3.150. LetU, V, W, Z C R™ be nonemptyd € R™*™ andu € R. Then,
() dua(U,V) =du(V,U)
(i) du(U,V) =du(U,V) =du(U,V)

(ii)) du(co(U),co(V)) < du(U,V)
du(co(U),co(V)) < max{d(co(U),V),d(co(V),U)}

(iv) If dg(U, V) =0, thenU = V and vice versa.

V) da(p-U,p-V) = |pu|-du(U,V)

(Vi) du(A-U,A-V) < || A]l-du(U,V)

i) de(U, W) < du(U, V) + du(V, W)
(viii) der(U+V,W + Z) < du(U,W) +du(V, 2)
Corollary 3.151. LetC, D C R™ be convex, compact. Then,

d(8C, D) < d(8C,8D) < d(C,dD),
du(C, D) < du(8C,dD),
du(C, D) < max{d(C,8D),d(D,dC)}.

Proof. follows from Propositiong 3:149(iii), 3-1H0(iii) and 3]67 O
The convexification might also change the one-sided and two-sided Hausdorff-distance.

Example3.152 LetU := co{—e! +e2,0gn } Uco{0gn,e! +e2} andV :=co{—el +2e2,3e?}Uco{3e2,e! +
2e2} be subsets dR™ with e* the k-th unit vector inR™.
Then,

d(U,V) = dist(0gn, V) = ||0gn — (e* +2€3)|| = V/5,
d(U,co(V)) =d(co(U),co(V)) = dist(Ogn,co(V)) = ||Ogn — &P;_z/ | =2,
Eco(V)
d(V,U) = dist(3e2,U) = ||3e® — (e' + €2)|| = V5,
d(V,co(U)) = d(co(V),co(U)) = dist(3e?,co(U)) = ||3e? — \ei | =2,
Eco(U)
du(U,V) = V5,
di(co(U),co(V)) = 2.
Henced(U,co(V)) < d(U, V) anddu(co(U),co(V)) < du(U, V).

Another example ifR? would beU = S; andV = 8([—1,1]?). Clearly,co(U) = B1(0), co(V) = [—1,1]?
and

. 1 1 S AN % .1
aw.v) =dist(—=- (). V)=l (1) - (F)1=1- .
d(co(U),V) = dist(0g2,V) =1,
d(U,co(V)) =d(co(U),co(V)) =0,

sinceU C co(V).
Henced(U,co(V)) < d(U,V) < d(co(U), V).

Proposition 3.153. LetU C R™ be nonempty andl, B € R™*™. Then,

86



() d(A-U,B-U) < ||A-B|-|U]|

(i) d(A-U,B-U) < || A-B||-|U||

(i) d(A-U+B-U,(A+B)U) < ||A—BJ||-||U||, if U is additionallyconvex
(iv) da(A-U+B-U,(A+B)U) < ||A—Bj||-||U]||, if U is additionallyconvex
Especially, for\, u € R we have the estimations

V) dA-U,p-U) < [A—pl - U]l

W) da(A-U,p-U) < [A—pl- U]

(i) dAU+p-U, ( Ap) -U) < |[X—p|-||U]||, if U is additionallyconvex
i) dg(A-U+p-U, ( A+p) -U) < |[A—p| - ||U]||, if U is additionallyconvex

Proof.  (i)—(ii): Let z € A-U. Then, there existe&s € U with z = Au. An easy estimation is given by
Bu € B-U with

dist(z, B-U) < || Au— Bul|| = ||(A — B)ul|
<I|A=B|-|lull < ||A-B]-[|U]|.
Taking the supremum over afland interchangingd and B gives the two estimates.

(iii)—(iv): From Proposition 3.88(iv) follow§ A+ B)U C AU + BU sothaid((A+ B)U, AU + BU) = 0.
Letz € A-U + B-U. Then, there exista,v € U with z = Au + Bwv. z can be rewritten in the form

u—+v u—+v Uu—7v v—u
Au+Bv=A- +B-. +A- +B-
2 2 2
u—+v u—v

=(A+B)-——+(A-B):

and a simple estimation with the midpoiﬁ{—“ € U yields
u-+v
dist(z,(A+B)U) < [|(Au+Bv) — (A+B)- — |
— A—B
= a-B)- 0 < AT By g
A—-B

< 2B gtam() < 14— BIl- ).
Hereby, Corollary 3.155(viii) was used. Taking the supremum over giles the estimate.
(v)—(viii) follow from Remark{3.89. O

|| - || is @ norm for the set of all nonempty, bounded subseRof
Corollary 3.154. LetU,V C R™ be nonemptyd € R™*™ andu € R. Then,

(i) [|U]l € [0,00) U{+o0}
If U C B,.(m)withr >0, m € R?, then||[U —m/|| < rand||U|| <r+||m| < oo.
If ||U|| < oo, thenU is bounded byB,.(0g= ) withr = ||U||.

(i) ||U|| =0, ifand only ifU = {Og~ }
(ii)) [[p-Ull = |pl- U]

(iv) |A-Ull < [lAll- U]l

W U+ VI <IUl+I]V]

(vi) fU C V, then||U|| < ||Vl
i) [Tl =Tl

87



The diameter of a set has a lot of properties of a norm.
Corollary 3.155. LetU, V C R"™ be nonemptyd € R™*™ andu € R. Then,

(i) diam(U) € [0,00) U {400}
If U C B,(m)withr >0, m € R, thendiam(U) < 2r < oco.

(i) diam(U) = 0, ifand only ifU = {u}
(i) diam(p-U) = |p|-diam(U)

(iv) diam(A-U) < ||A|| - diam(U)

(v) diam(U + V) < diam(U) + diam(V)
(vi) f U C V, thendiam(U) < diam(V).
(vii) diam(U) = diam(U)

(viii) diam(U) <2-||U]||

Visualization of Hausdorff Distance

| —convex seC = Bz ((}))

5[ 1 —convex seD = Bl((iig))

| —convex seC = B3((}))

1—convex selD = Bl((iig))
e farthest point from D:
c=y(n,C)

| — (one-sided) Hausdorff distance
e1 =d(C,D) =du(C,D)

1 — supporting hyperplanes af, D
in directionn
g1 =6%(n,C) —6*(n,D)
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Visualization of Hausdorff Distance

| —convex seC = B,((}))

1 — convex seD = Bl((iig))

e farthest poinﬁfrom C:
d=y(n,D)

| — (one-sided) Hausdorff distance
g2 =d(D,C)

1 — supporting hyperplanes af, D
in directionn
£2 = 6*(n, D) —6*(n,C)

Proposition 3.156 (Minkowski’s duality). LetU,V & C(R™). Then,
d(U,V)= sup (6*(,U)-6*(l,V)),
leB1(0)
du(U,V)= sup |6*(l’U)_6*(l’V)|'
leB1(0)

Proof. ~ Considerr > d(U, V). Then,U C V +rB;(0). Hence, Propositiorfs 3.119 apd 3115 yield for
l € B1(0)

0*(L,U) <0*(L,V+rB1(0)) =6*(,V)+6*(l,rB1(0))
=L V)+rli <61, V) +r,
*(L,U)—-6*(, V)<,
s:= sup (6*({,U)—-6"(L,V))<7r
leB1(0)

Taking (7. )m as a sequence converging monotonously decreasid¢lioV'), we have proven<”.
Since forevery € S,,_1

6*(l,U)—8*(l, V)< sup (6*(1,U)—6*(1,V)) =s,
l€B1(0)

0*(L,U) <6*(L,V)+s=6"(LV)+s- |l
=0*(l,V)+8*(l,Bs(0)) = 6*(I,V + Bs(0))
=6,V +s-B1(0)),
we have by Propositidn 3.1p0 thet C V + s - B1(0), i.e.d(U,V) < s.
For the equation on the Hausdorff distance, use the first one and show both inequalities. O

Corollary 3.157. LetU,V € C(R™). Then, the index sdB; (0) for the directiond in Proposition 3.156 could
be replaced bys,,_; for the Hausdorff distancdg (U, V). For the one-sided Hausdorff distance we have

d(U,V) =max{ sup (6*(n,V)—5*(n,U)),0}.

n€ESp_1
In all cases, the supremum is always attained and could be replaced by a maximum.

Proposition 3.159 (cancellation law).LetU, V, W € C(R™). Then,
dU+W,V+W) =d(U,V) and dg(U+W,V4+W)=du(U,V).
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Proof. Propositiorj 3.156 shows that
dU+W,V+W)= sup (6*(,U+W)—-6*(l,V+W)),
leB1(0)
d(U7 V) = sup (6*(la U) - 6*(la V))
1eB;(0)

Equality follows, since fol € S,,_1

LU+ W) -6, V+W)
= (5*(laU) +5*(l7W)) - ((V(l,V) +5*(l7W)) = 6*(laU) —(V(l,V).

The same reasoning is true for the Hausdorff distance. O
For a proof of both theorems see eld. [S¢h93, Theorem 3.1.2 and Theorem 3.1.6].

Theorem 3.160 (Shapley-Folkman) Letk € N, (U;);=1,..... CR™ andz € co(zf:1 U,). Then, there exists
anindex seZ C {1,...,k} with card(Z) < n such that

z € Z CO(Ui) + Z U;.

i€T iFT

Theorem 3.161 (Shapley-Folkman-Starr).Letk € N, (U;);=1,..... C IC(R™). Then,

Vo

k k n
2

(S Us, S co(Uh)) <
i1=1 1

- max diam(U;).
&1 i=1,...,k

’

Theorem 3.162.Remember thaC(R™) is the set of all compact, nonempty set®8f Then,(IC(R™),dg) and
(C(R™),dy) with the Hausdorff metric arenetricspaces.

Proof. LetU,V € KK(R™). Then,U andV are bounded such thel (U, V') < co by Lemmg 3.138. Hence,
du(U,V) € [0,00). o

du(U,V) =0,ifand only ifU = V by PropositioO(iv). SincE andV are closed, they coincide with
U resp.V.

Propositiory 3.150(Vv),(vii) show the rest of the missing properties for a metric space. O

Theorem 3.163.LetiC(R™) be the set of all compact, nonempty sefR®f Then,(IC(R™),dy) and(C(R™),dx)
are completespaces.

Proof. see[[Sch93, Theorem 1.8.3 and 1.8.5] O

The following theorem is a generalization of the result of Bolzano-Weierstral3 about the existence of a conver-
gent subsequence of a bounded sequeni&in

Theorem 3.164 (Blaschke’s selection theorem).et (C,,, )., C C(R™) be aboundedsequence of convex, com-
pact sets. Then, there exists@anvergent subsequen@r.t. Hausdorff metric).

Proof. see[[Sch93, Theorem 1.8.4] O
Definition 3.165. Let C, D € C(R™). Then,

dp(C,D):= sup |y(I,C)—y(,D)|
l T

€TcN

is called theDemyanov distancef C, D.
Hereby, T andTp denotes subsets &, _; of full measure such th@ (I, C) resp.Y (I, D) are singletons.

Remark 3.166. The definition above does not depend on the actual choige.aind T .
Furthermore,Y (I, C) is a singleton for almost eveldlye S,,_1, since it is the derivative of* (1, C') which is
convex and its derivative coincides almost everywhere ywithC).
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Proof. The subdifferential of the support function is the supporting facel(cf. [BF87a, Theorem 6]) and the support
function is convex, finite and subdifferentiable by [BFB87a, Corollary of Theorem 3].

The subdifferential consists only of the gradient, if the support function is differentiablé (cf. [BF87a, Theorem
5]). But the support function is convex, finite and therefore differentiable aR™iby [HUL93, IV, Theorem

4.2.3]. O

Proposition 3.167.LetC, D € C(R™). Then,
dH(CvD)SdD(CaD)'
Proof. Foralll € Tc NTp

|6%(1,C) —6*(L, D)| = |[{L,y(1,C)) — (L, y(l, D))
= [{l,y(1,C) —y(l,D))|
< 1l -lly(@,€) —y(l, D)|| < dp(C, D).

~—~
:1

The Lipschitz continuity ob*(-,C) andé* (-, D) by Propositior} 3.134 and the densityT§ N Tp shows the
estimation even for all € S,,_;. Taking the supremum on evehe S,,_, yieldsdg (C,D) < dp(C, D) by
using Propositiofi 3.1%6. O
Comparison of Hausdorff and Demyanov Distance

1.5

1-C =[-1,1] x {0}
\ {—=D = B4(0)

— Hausdorff distance
dga(C,D) =1

TN

15 I I
-15 -1 -0.5

Comparison of Hausdorff and Demyanov Distance
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it 3 |-Cc=[-1,1] x {0}
05 } |~ supporting
l hyperplanes
Lo 3 — for ™ = (Speiom))
| ¢m /‘ g
: m— 00
_0.51 | a . .
| e supporting point
| y™.C) = ()
155 -1‘ -0‘5 <; 015 1 15

Comparison of Hausdorff and Demyanov Distance

1.5 |
it e -D = By(0)
: ! i RN
05 ! N supporting
/ | [\]
| N hyperplanes
e e oo for ™ = (5atom)
\\ i /“ ¢m mfoo %
051 !
| e supporting point
A ~ y(n™,C) =n™
l converges for
| 0
15 L w L \ , m —ooto (1)
-15 -1 -0.5 0 0.5 1 1.5

Comparison of Hausdorff and Demyanov Distance

15 :
T o 1-C=[-1,1] x {0}
il / 1=D = B1(0)
/
oo I R\ U — Demyanov distance
\\ dD(CvD) = \/5,
\
= \ 1 since
S y(n™,C) —y(n™, D)
Ak i 1 m
= (0) _771 . )
‘ ‘ oo (0) - (1) = (1)
71:?5 -1 05 15
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Non-Convergenging Sequence w.r.t. Demyanov Distance

1.5

-C =[-1,1] x {0}
| =Dy, = A B1(0),

1 0
(o 7)

e farthest point
from Dy to C

0.5

-1.5
-15

1.5

~C =[-1,1] x {0}

— Dy, = A,B1(0),

0.5

| ---supporting
hyperplanes in

directionl = (J):

-1 - O
k—o0

Non-Convergenging Sequence w.r.t. Demyanov Distance
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~C =1[-1,1] x {0}
|- Dy, = A.B1(0),

e supporting
pointsin direction

1
0

Example3.169 SetD := B1(0), A := < o

Then, forl = (11,12) € Sy

(1)) , Dy, := Ay~ D for k € Nand conside€ = co{ ('), (3) }-
k

l
5(1.Dx) = 8*(ATLD) = ATt = 14} )

l
k
2 1 2
= l1+7kj2l2 —>k:—>oo |l1|,

5*(l,C) = |l1|a

1
du(C,Di) = sup [\/I1§ + 15 — |li] | —— 0.
€5, k: k—oco
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4 Set-Valued Integration
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Basic Facts
Why do we deal with set-valued maps/(rs)?

e generalization of pointwise functions

reachable sets depend on the end ttraad form a svm

e model uncertainty and disturbances as sets, i.e.
replacef : T — R™ by F : T = R™ with F(t) = B:(f(t))

examples:

— reliable computing (guaranteed end values in computer programs in presence of floating point inaccu-
racy)

— geometric modelling (reconstruction of a 3D obj@#¢tC R3 from its parallel 2D cross-sections), i.e.

F:I=R> with K= |](tF(t))
teT

consider a solution funnel set of a 2D system as a 3D body

Important Tools for (Later) Proofs
e continuity definitions for svms
e measurability + integrably boundednessset-valued integral
¢ selections and Castaing representation of svms
e characterization of measurability by Castaing representation or support functions

e “smoothness” definitions for svms = uniform “smooth” support functions

Integral Notions for SVMs

e Riemann integral for svyms
Riemann integrability is minimal “practical” assumption

e properties of Riemann integral:

convex set, even if sym has nonconvex images
same integral for convexified svm

generalization of pointwise Riemann integral
similar properties as in pointwise case

¢ characterization of Riemann integrability via a.e. continuity resp. support functions

Integral Notions for SVMs (continued)

e Aumann integral for svms
Aumann integrability is minimal “theoretical” assumption

e properties of Aumann integral:

— shares many properties of the Riemann integral
— generalization of pointwise Lebesgue integral
— coincides with Riemann integral for Riemann integrable svm

e support function of Aumann integral is Lebesgue integral of support function of svm

e reachable sets of linear control problems/linear differential inclusions are special Aumann integrals
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4.1 Set-Valued Maps
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The following definitions generalize known pointwise concepts like measurability, bounded variation, . .. (cf.
AppendiA.2).

Definition 4.1. Let T = [to,t¢] and F' : T = R™ with nonempty values, i.eF'(t) C R™ is nonempty for all
tel.
F(-) iscontinuousn t € Z, if for everye > 0 there exist® > 0 such that

du(F(7),F(t)) <e

forall - € Z with |t — 7| < 9.
F(-) is continuousif it is continuous in every € Z.
F(-) is upper semi-continuous!.s.c) in t € Z, if for everye > 0 there exist® > 0 such that

d(F(r),F(t)) <e

forall 7 € Z with [t — 7| < 6.
F(-) is lower semi-continuoul.s.c) in t € Z, if for everye > 0 there exist$ > 0 such that

d(F(t),F(r)) <e
forall - € Z with |t — 7| < 9.
Example4.2 ConsiderF, G : R = R with images inC(R) and
{+1} fort > 0,
F(t)={ {-1} fort <o,
[-1,41] fort=0,
G(t) = [—1,+1] fort#0,
{o} fort = 0.
Then,F(-) is u.s.c.,.G(+) is |.s.c. and both are not continuous.

Remark 4.3. LetT = [to,ts] and F' : T = R™ with nonempty values.
F(-) is continuous it € Z, if and only if itis u.s.c. and |.s.c. it

Definition 4.4. LetZ = [to,tf] andF' : T = R™.
F(-) is measurableif for every open se/ C R™ the inverse image
FY'U):={teTI: Ft)nU # 0}
is a measurable set, i.e. it is an element of the underlgiradgebra. From now on, we will consider the Borel
o-algebra oRR™,

Definition 4.5. LetZ = [to,tf] andF : T = R™.

F(-) is simple if there exists a finite partitio(iZ;);=1,...,, of Z and nonempty subsef§ C R™,i =1,...,k,
with k
F(t)= % xz,()Fi (t€I).

=1
Hereby,xz, (t) = 1, if t € Z; and otherwise equals zero.

Remark 4.6. LetZ = [to,tf] and F' : T = R™ be a simple map.
Then,F (-) is measurable, if each s&; in Definition[4.5 is measurable ank; is closed for alk = 1,..., k.

Definition 4.7. LetZ = [to,ts] andF' : T =- R™ with nonempty values.
F(-) is boundedif there exists a constat > 0 existiert mit

IFMlIl<C  (tel).
F(-) isintegrably boundedf there exists a functiok(-) € L1 (Z) with

IF@)|l= sup |If(@)| < k()
FEF ()

for almost allt € I.
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Definition 4.8. LetZ = [to,tf] andF' : T = R™ with nonempty values.
F(-) is Riemann-integrablef there exists a nonempty sbt C R™ such that for everg > 0 there exists @ > 0
such that for every partition

t0=To<T1<...<TN_1<TN=tf NGN,

with fineness

max (Ti41—T7i) <9
1=0,...,N—1

and intermediate points
& € [Ti,Ti+1] fori=0,...,N—1

follows that
N-—1

dm ( Z (Tig1—7)F(&),U) <e.

Definition 4.8 (continued). This unique limit seU is denoted as (R) F'(t)dt, theRiemann-integrabf F'(-).

Remark 4.9. If F'(-) has images iiC(R™) or C(R™), thenU has to be also an element&f(R™) resp.C(R"™)
by Theorenj 3.1§3, since it is a element of set&{{R™) resp.C(R™) (the Minkowski sum of scaled compact
resp. convex sets is again compact resp. convex by Propdsitign 3.§6 and 3.106).

Definition 4.10. LetZ = [to,tf] andF : Z = R™ with nonempty values.
F(-) hasbounded variatioron Z, if for all partitions

t0<t1<...<tN_1<tN=tf, N eN,

the sum
N-—1

2 Au(F(tiy1), F(t:)) <C

1=0

is bounded by a constad which is independent from the partition. The infimum of such constants is called
t

variation of F'(-), namely\7 F(:) or\V F(-).
to T

Definition 4.11. LetZ = [to,t¢] andF : T =- R™ with nonempty values.
F(-) is Lipschitz continuousn Z, if there exists a constadt > 0 such that for alk, € T

du(F(t), F(r)) < L[t —7|.

As for point-wise function (cf. Lemm)a 6.23), a Lipschitz svm with consfahfis bounded variatioff F(-) <
T
L-(ty—to).

Definition 4.12. LetZ = [to,t¢] andF : T = R™ with nonempty values.
Then,f : T — R™ with
f@t) e F(t) (foraeteX)

is calledselectionof F'(-).

Remark 4.13. Instead of imposing smoothness on the set-valuedF{ap one could demand the corresponding
smoothness on the real-valued funct®r(n, F(-)) (notions are well-known, easier to prove).
But the smoothness 6f (7, F'(-)) must be uniform im € S,,_1.

Proposition 4.14. LetZ = [to,ty] and F' : T = R™ has nonempty values.
Then,F(-) is bounded by a constant, if and only if

sup |6*(n, F(t)|<C  (teI).

nESp—1

Proof. clear from||F(t)|| = d(F(t),{Orn}) = du(F(t), {0~ }) and Corollary 3.157 O
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Proposition 4.15. LetT = [to,tf] and F : Z =- R™ has nonempty values.
Then,F(-) has bounded variation less or equ, if

te
sup \/ 6*(n,F(1)) < V.
nESn_1 to

Proof. The converse is not true in general, since for this direction a bounded joint variaioh(@f, F'(+)))nes,,_,
has to be demanded (sée [Bai95-Con, 1.6.6 Satz]). O

Proposition 4.16. LetZ = [to,ts] and F' : T = R™ with nonempty values.
Then,F'(+) is Lipschitz continuous with constaht if and only if

sup |6*(n, F(t)) — 6" (n, F(7))| < LIt — |

nESp_1
forallt, 7 € Z.

Remark 4.17. Further appropriate smoothness notions could be found e.@. in [DF90, Bai95-Con].
No natural differential notion for svms is available, since one could not define a differential quotients due to the
missing difference for sets:
Which difference should we use in
F(t+h)—F(t) 5
h

Remark 4.17 (continued). In the following some publication in this field are listed.

attempts based on Demyanov difference: [DR95]

attempts based on pairs of sets: [BJ[70, DR95, DKRV97]

approximation of svms with “simple” map<: [Art39, Artd5, DLZ86, LZ91, G&u90, Sil97]

literature on selections: [[AC84-Con, AF90-Cdn, BF87-Con, Mid56, Her71, Rac76, Ddm87, |GM92, KBV9O0,
Den98/ Den00, Den0L, KML93, CR02]
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4.2 Properties of Measurable Set-Valued Maps
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Proposition 4.18. LetZ = [to,tf], f : Z — R™ and setF" : Z = R™ with F'(t) := {f(¢t)}. Then,F(.) is
measurable, if and only if (-) is measurable.

Proof. f(-) is measurable per definition, if its inverse image is measurable. Everything follows by the equality of
the inverse images for closed s&ts” R™:
FYS)={tcZ|FA)NS#B}={tecZ|{f(t)}NS #0}
={teZ|f(t)eS}t=F"1(S)

O

Proposition 4.19. LetZ = [to,ts] and F' : Z = R™ with nonempty values.
F(-) is measurable, if and only if there exists a sequence of simple, measurablé R)ap9 )., with F,,, : Z =
R™ with nonempty, closed values and aAétof measure 0 such that for evenye T\ N

F,.(t) —= F(t)

Proof. seel[Jac68-Mea, Corollary 2.5] O

Theorem 4.20.LetZ = [to,ts] and F' : T = R™ be measurable with nonempty, closed values.
Then, there exists a measurable selectfgn) of F'(-).

Proof. see [AF90-Mea, Theorem 8.1.3] for a constructive proof O

Theorem 4.21 (characterization theorem).LetZ = [to,t¢] and F' : T = R™ with nonempty, closed values.
F(-) is measurable, if and only if one of the following conditions hold:

(i) Forall x € R™ the functiont — dist(x, F(t)) is measurable.

(i) There exists a Castaing representationf(-) with measurable selectiofS . (+))m., i.e.

Ft)= |J fm(t) foralteZ.
meN

Proof. see[[AF90-Mea, Theorem 8.1.4] for a constructive proof O

Corollary 4.22. LetZ = [to,tf] andF' : T => R™ be measurable and integrably bounded with nonempty, closed
values.
Then,||F(-)|| is Lebesgue-integrable dh.

Proof. follows from Theoren 4.21(ii), Propositign A[L3 and from the definition of integrably boundedneiss

Proposition 4.23. LetZ = [to,ts], A € R™*™, n € Rand F,G : T = R™ be measurable with nonempty,
closed values.

Then, the set-valued ma@s F'(-) - F'(-) andF(-) + G(-) are measurable provided that allimagesaf F'(+)
resp.F(-) 4+ G(-) are closed.

Proof. Let us start to prove the measurability fdr- F'(-) and the special casé¢ = 0., x -

A constant magF'(t) = {v}, v € R™, is measurable, sincB(t) = xz(t){v} is simple, has nonempty, closed
images and is measurable (see Remark|4.6). Hence, the #4as€0,,, 1, is trivial.

All other proofs are based on Propositjon 4.19.

Let us consider - F(-) with A # O, xn, i.€. ||A|| > 0. Fort € Z\ N chooses > 0 andm € N such that
du(F (), Frn(t)) < p7 With a representatiol, (t) = 31 xz; ,,, () Fi,m.-

Proposition§ 3.130(vi) arjd 3.88(iii) ensure that

du(A-F(t), A Fn(t)) < [|All - da(F(2), Fn(t)) < [|A]l-

€

Al

€,

Nm Nm
A-Fn(t) = A+ (Y X3 (OFim) = 3 Xzi 1 (O(A-Fim),
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which is also a simple, measurable map with nonempty, closed images approdching).
The result for the scalar multiplication follows by settidg:= I, wherel is then X n-identity matrix.
Finally, let us studyF'(+) + G(-).

Now, choose(F}, ). to be a similar sequence of simple, measurable maps &yithF (), Fin(t)) < 5.

Let (G)m With the representatio6r,,, (t) = 2;.\’;"; Xz, . (t)Gj,m be the corresponding sequence €&¢-).
Denote bﬁk,m, k=1,... ,ﬁm, the refined partition ofZ; 1) i=1,...,Nm and(f’m)j=1 N

of intersections of measurable s&is,, andf,m, so all sets from the new partition are also measurable. Define
the index functions

. It consists

(k) €{1,- ..y N} With Zg 11, CZi (), m»
3(k) €{1,..., Nou} With Zpp i CZ; (k-

fork=1,.. .,ﬁm. Then, we have the new representations

N, Nm
Fn() = 3 x5, OF@gm: Gmt)= 3 x5 #)Gjw)m;
k=1 ’ k=1 ’

and
Nm
Fn(t)+Gm(t) = 3 xz, . (O)(Figk),m + Gik),m)s
k=1
where
du(F (t) + Gm(t), F(t) + G(t)) = da(Fik),m + Gjk),m, F(t) + G(t))
<dg (Fi(k),ma F(t)) +du (Gj(k),‘rrn G(t))
= du1(F(8), F(0) +dua(Grn(8), GW) S -+ =¢
fort € fk,m. O

Proposition 4.24. LetZ = [to,ty] and F' : Z = R™ with nonempty, closed values. Then:
(i) If F(-) is measurable, then the support functior- 6* (1, F'(t)) is also measurable for all € R™.

(i) If for all I € R™ the support functiod* (I, F'(-)) is measurable and(-) has additionally convex and
bounded images, thefi(-) is measurable.

Proof. see[AF90-Mea, Theorem 8.2.14] O
Definition 4.25. Let p : T x R™ — R™ is a (single-valued) functionp(-, -) is aCarathéodory mapf

() ¢(-,x) is measurable for every € R™,

(i) ¢(t,-) is continuous for every € 7.

Proposition 4.26. Let F' : Z = R™ be measurable with nonempty, closed images@ndZ x R™ — R™ be
a Carathéodory map. Then, the set-valued map@hgZ = R™ with G(t) = ¢(t, F(t)) is measurable with
nonempty, closed imagesiti™.

Proof. see [AF90-Mea, Theorem 8.2.8] O

Proposition 4.27. LetT = [to,tf] and F : T =- R™ has convex and bounded images.
Then F'(-) is measurable and integrably bounded by gflinction k(-), if and only if all support functions
*(n, F(-)) are measurable fon € S,,_1 and

sup |6%(n, F ()| < k(t)

nESn_1
foralmostallt € I,i.e.0*(n, F(-)) € L1(Z) with uniform Ly-norm.

Proof. follows from Propositiof 4.74 with Lebesgue’s dominated convergence theoren (sée A.14) and the same
arguments as in Propositipn 4]14. O
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4.3 Set-Valued Integrals

4.3.1 Riemann-Integral
Lemma 4.28. LetU C R™ be nonempty, bounded aid € N. Then,

du(= 3 o) < 2200,

z 1
Proof. We will use Lemma 3.83 and Propositigns 3.91(iii) &nd B.93.
N igl U C ﬁ igl CO(U) = igl N CO(U) = (121 ﬁ) CO(U) = co(U)’

hence
1 N
d(ﬁi; U,co(U)) =0.

Letz = 377 Ajui € co(U) with ud € U for j = 1,...,n+1. Sett, := £ for v =0,...,N and
choose numbers(3) € {0,...,N — 1} with
A€ [tm@)stmiy+1)  form(j) <N -2,
T ) [tv—1,1] if m(j) =N —1.

forj =1,...,n. Setm(n+1):=N —37_,m(j). For abbreviation, seij = ty() =

1,...,n+1.
Let us first studym (n + 1).

n m(j) n
7S A:]_—An+1<1a
jZl N 321 ?
n n+1
> m(i) <N and ) m(j)=N
j=1 j=1
~ m(n+1 1
Supa = MO = LV 3 m)
n+1 =1- z Z Xja
j:l
Pt —Ansal = 11— 3 A) = (1= 5 X)I=1 5 (=)
Jj=1 j=1 j=1
n ~ n
2 Rizalsg
<%
Estimate
n+1 n+1 n+1
|z — Z Al | = || Z (A=Al || < Z IX; =Xl [l ),

n+1l
I== 3 Ajud|| < Z A7 = Xl [ s — A |l
\W—’ —_—
<X <%
no1 n 2n
< — 4+ — Ull=—-||U
(3, N+ 101 =+ 1vl
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Hence, withW := 22 . ||U|| - B1(0):

_n—l—l ; n+1 p _n+1m(j) p
Z—ZAjuGZAju +W_ZTU + W
j=1 j=1 j=1

1 n+1 m() 1 nt1m(d) 1 N
=N 2 2WAWC Gy Y UFW=33U
j=1 k=1 1=1

=m(j)ud

We can prove now with Lemnja 3.7142(ii) and Proposifion 3] 149(viii)

1 N 1N 1N
dist(z,— $ U) <dist(z, — S U+W)+d(—= S U+W,— § U)
N2 N2 PRSP

=0

<Ay 3 Uy 3 D)+ {0 ) = W]l

=0

Altogether, we can prove

d(eo()~ 5 1) dist(z,~ 3 1) < [W] = 22w
co g — = sup ist(z, — < = —" .
N i; z€co(U) N g N
O
Lemma 4.29. LetU C R™ be nonempty, bounded afd € N. Then,
1 N n n
(3 UcoV) < Y -diam(V) < XU,
Proof. First, from Propositions 3.91(iii) ar)d 3.J93:
1 X N1 N
~ igl co(U) = igl ~ co(U) = (igl N) co(U) = co(U)
Then, we will essentially use Theor¢m 3.1161 and once again, Propgsitign 3.91(iii).
1 N 1 N 1 X
dua(y 3 Usco(U) =du(; 3 Usg 5 co(U))
N1 N1
=2 N o)
1 1
< ﬁ-diam(—-U) = @— -diam(U)
2 N 2 N — - —
<2:||U||
\/_
< —-ull-
O
Proposition 4.30. LetZ = [to,ts] and F' : T = R™ has nonempty values.
(i) If F'(-) is Riemann-integrable, thato F'(-) is Riemann-integrable with
(m%mF@ﬁ:aﬂij@ﬁ) (18)
z z
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(i) If F(-) has values inkC(R™), is bounded ancto F'(-) is Riemann-integrable, the#'(-) is Riemann-
integrable with

R)- / co F(t)dt = (R)- / F(t)dt. (19)
T T
Proof. (i) Lete > 0 and choos@ > 0 as for the functiorn¥'(-) in Definition[4.8. Propositioh 3.107 yields
N-1 N-1
> (riyr—mi)coF (&) =co( ) (Tit1—7)F(&))-
=0 1=0

From Proposition 3.150(iii) follows that
N-1
du( Y (ri1 =) coF(&:),co(R)- [ F(t)dt))
1=0 T

N-1
= du(co( 3 (ri1—m)F (), co(R)- [ F(t)dt))
1=0 T

N—-1
<du( Y (i —)F(E),R)- [ F(tydt) <.
1=0 T

(ii) Let € > 0 and choos@ = (3) > 0 as for the functiorco F(+) in Definition[4.8, but additionally with
0 < 2\/_%, whereF'(t) C Bgr(0) forallt € T.
Then, Theorerp 3.161 yields

N-1
dp( Z (Tig1 — Ti)F(ﬁi)a(R)'/COF(t)dt)
N-1 g
<du( z

=0

N-1
+du( § (ri1 =)0 F(£),R)- [ coF(t)dt)
1=0 T

N-—1
(rivr —T)F (&), D (Tig1 —Ti)coF (&)
1=0

vn ) .
<75 ey, diam((Ti =) F(6)) + -

vn . €
ST ’ izOT?I)fr—l(Ti"‘l —7;)-diam(F(&;)) + 7

Sincediam(F'(¢;)) < diam(Bgr(0)) = 2R,

N-—1
du( Y (i1 =) F(E),R)- [ coF(t)dt)
1=0 T

g g g
< ‘RO +—<-+—==¢.
<Vn +o <oty =e
This shows that the Riemann integralB{-) andco F'(-) coincide. O

Corollary 4.31 (convexity of Riemann-integral). LetZ = [to,t¢] and F : T = R™ be Riemann-integrable (or
F(-) be bounded ando F'(-) be Riemann-integrable) with valuesfg&(R™).
Then, the Riemann-integral #(-) andco F'(-) coincide and are both elements@®fR™).

Proof. follows from Remark 4)9 and fron (1.8) ar[d {19) in Proposifion }4.30:
If F(-)is Riemann-integrable, it is bounded by a const@nt 0 (assume the contrary and bring this to a contra-

diction). Furthermorego F(+) is Riemann-integrable and its Riemann integral is compact, convex, nonempty by
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Remark 4.p. Now, let > 0 and take a partitiofZ; ) ;—o,...,v—1 0f Z of finenessy < e such that

N-1
du( Y (ri1 =70 coF(6:),(R)- [ coF(t)dt) < e.
1=0 T

Then, Theorerp 3.161 with properties of the diameter (cf. Cordllary 8.155) guarantees that

N-—-1 N-—-1

du( ) (i1 —Tmi)coF (&), H (Tit1—7)F(&))
1=0 1=0

<V max diam((riss — ) F(E0)
S? . ‘_Hllaxk(TiJrl —7;) -diam(F(&;))
Jn
ST'._f{llan(Tiﬂ—Ti)'?' | F (&)l
i=1,..., ———
<c
<Vn- ‘_Hllaxk(Ti-l—l_Ti)‘CS Vn-C-§<+n-C-e.

Therefore, both Riemann integrals B{-) andco F'(-) coincide so that equatiop (L8) shows the convexity of
the integral. n

Example4.32(constant set-valued maplet Z = [to,T], U € K(R™) andF : Z = R™ with F(t) = U for
allt € Z. Then,F : Z = R™ is Riemann-integrable with

(R)—/F(t)dt — (T — to) co(U).

Proof.  Let us study firstco F'(-), since for a partition([7;, 7s+1])i=o,...,n With & € [, Ti41] for i =
0,...,IN, we have
N-1 N-1 N-1

Z (Ti+1 — T,;)COF(S,;) = z (Ti+1 — Ti)COU = ( z (Ti+1 — T,;))COU

1=0 =0 =0

=(T—tg)

which shows thato(U) is the Riemann-integral afo F(-). Corollary[4.3]1 shows thaF'(-) is Riemann-
integrable with the same integral.

If U = {0,1}, then one sees the convexifying impact of the Minkowski sum, sinc&fa N

1

N-—-1 k
N igoUz{N|k=0,...,N}£U,

(R)-/Udt — co(U) = [0,1].

O
The next four lemmas are easy to prove just by applying the definition of the Riemann integral.

Lemma 4.33. LetZ = [to,t¢] and F, G : Z = R™ be Riemann-integrable with nonempty values #Hd) C
G(t)forallt € Z. Then,

(R)- [ F(t)dt C (R)- [ G(t)dt.
/ /

108



Lemma 4.34. Let T = [to,ts], T € (to,ts) and F : T = R™ be Riemann-integrable off = [to, 7] with
nonempty values. Theh;: Z = R"™

_JF@) fort ez,
F) = {{ORn} fort € I\Z

is Riemann-integrable with

(R)- [ F(t)dt = (R)- [ F(t)dt.
fra-o]

Lemma 4.35. LetZ = [to,tz] and F' : T = R™ be Riemann-integrable with nonempty values.
Then,F|;(-) is Riemann-integrable off = [to, 7] for everyr € (to,t¢).

Lemma 4.36. LetZ = [to,tf] and F, G : T = R™ be Riemann-integrable with nonempty values. Ti&f) +
G(-) is Riemann-integrable with

(R)- / (F(t) + G(t))dt = (R)- / F(t)dt + (R)- / G(t)dt.

Proposition 4.37. LetT = [to,ty], (U;)i=o,...,n—1 C IC(R™) and and([7;, Ts+1])i=o,...,n—1 @ partition of
Z. Then, the staircase functidfl : Z = R™ with

N-—-2
F(t) = z X[TiaTi+1)(t)Ui+X[7‘N—1,TN](t)UN—1
1=0

is Riemann-integrable with

N-—1
(R)-/F(t)dt: S (risr —7i) co(Us).
T 1=0

Proof. SetFy(t) := X[riymipr) (DU; fori =0,...,N —2 resp.Fn_1(t) := X[rn 1,781 () Un—1, then
f‘i(-) is contant or[r;, 7+1 — €] for everye > 0. Lemm shows the Riemann-integrability with

Ti+1—5

R)- / Fi(#)dt = (ris1 — e — 75) co(Uy).

T

Taking the limite ~, 0 shows integrability orjr;, 7;4-1] with value (7;+1 — 73) co(U;) (for i = N — 1 this is
easier to show). _
With Lemmd 4.34 we know the Riemann-integrability6f(-) with

Ti41

R)- / Fy(t)dt = (R)- / Fiy(t)dt = (1341 — 75) co(Us).
T T

Since the sum of alF;(-) coincides withF'(-) onZ, we have by Lemm6 the Riemann-integrabilityr(f )
with

N-1 _ N-1
R-[Ft)dt= 3 R-[Fi)dt="3 (riys — ) co(Ui).
I 1=0 T 1=0

O

Proposition 4.38. Let Z = [to,tf], f: Z — R™ and F : Z = R™ with F(t) = {f(t)}. Then,F(.) is
Riemann-integrable, if and only ff(-) is Riemann-integrable and (Rj-F'(t)dt = {(R)-[ f(t)dt}.
I v
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Proof. “="! Let &,, = - and choose a partition Wit’ﬁi(m) := tg + th.,, finenessh,, := tﬁv_nf" < 4 and

ggm) = Ti(m). By the Riemann-integrability of’(-) we have

Npm—1

du( Y @ - rE™)L R [ F@)dy <e.
1=0 T

By Lemmag[3.14] the Riemann-integral Bf(-) consists only of a single elemeate R™. Now, chooses > 0
arbitrary, taked from Definition and consider an arbitrary partition a partit{¢n;, 7;+1])i=o,...,n—1 With
fineness not exceedigandg; € [1;, Tiy1]-

By the Riemann-integrability of'(-) we use Lemm7(i) and have

N-1 N-1
e>du( ) (Tig1— Ti)F(&)a(R)'/F(t)dt) =1 Y (i1 — 1) (&) — =l
1=0 I 1=0

i.e. the Riemann-integrability of (-) with (R)- [ f(t)dt = x.
“<" If f(-) is Riemann-integrable, we can reverse by Lenima 3.137(i) the arguments showitg(thas
Riemann-integrable with

®- [ F(tydt = {R)- [ 1(t)t}.
A A

O

Proposition 4.39. LetZ = [to,t¢] and F : T = R™ be bounded with values i¢(R™). If F(-) is Riemann-
integrable, then for ally € R™ the support functiod™* (n, F'(-)) is Riemann-integrable.

If for all n € S,,—1 the support functiod™* (7, F(-)) is uniformly Riemann-integrable (i.8.in Definition is
independent frony), thenF'(-) is Riemann-integrable.

In both cases,

5" (n,(R)- [ F(#)dt) = (R)- [ 8 (m, F(t) .
T T

Proof. From [Pol83-Int| Bai9b] follows that

N-1 N-1
i

(0, Y (Tipr —T)FE)) = 3 (rigs — )0 (m, F(E). O
1=0 =0

Proposition 4.40. LetZ = [to,ts] and F : Z = R™ be bounded with values K (R™). Then,F(+) is Riemann-
integrable, if and only if it is continuous a.e. @n

Proof. seel[Paol83-Int, Theorem 8] O

Proposition 4.41. LetZ = [to,tf] and F,G : Z = R™ be Riemann-integrable with values #&&(R™). Then,
t — du(F(t),G(t)) is Riemann-integrable and

du((R)- [ F#©)dt,(R)- [ G(t)dt) < (R)- [ du(F(2), G()dt.
T T T

Proof. Consider the map(t) := du(F(t), G(t)). From the assumptions, it is bounded, since fot &l Z
du(F(t),G(t)) < [F@)||+[G@)]] < C1+C2 < oo.

From Propositiofi 4.40 follows that there exists sub#étsC Z of measure zero such that for alt> 0 and all
t € T\ N, there exist®,, > 0 such that for al- € Z \ V,, with |t — 7| < § follows that

dur (Pl (£), Fu(7)) < 3
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with u = 1,2 andFy (+) := F(-), F»(-) := G(-). For the setV := N; UN> of measure zero and givern> 0
we setd := min{dq,62} > 0 and considet € Z\ N. Then,
du(F(t),G(t)) < du(F(t),F(1)) +du(F(7),G(7)) + du(G(7),G(t)),
du(F(7),G(7)) < du(F(7),F(t)) +du(F(t),G(t)) +du(G(t),G(T))
forallT € Z\N CZ\N,, np=1,2. Now,

|du(F(t),G(t)) —du(G(7),G(7))| < du(F(¢), F(7)) + du(G(t),G(7))
< g + g =e.

Hencep(-) is continuous a.e. and by Propositipns 4.40[and|4.38 also Riemann-integrable.
Now, lete,,, = 5= and choose a partition withi(m) :=to +ihm,, fineness,, := t’;\,;to ) andﬁi(m) =

im), whered is the minimum of(d,,) u=1,2,3. 0, = 6, (em) are the numbers in Definitign 4.8 for the functions

F(-), G(-) respp(-).
Then,

2

du(R- [ Ft)dt,R)- [ G@)dt)

Nm—1
<du((R)- / F(tdt, Y (Ti(ﬁ)—n(m’)F(ggm)))
T =0

Ny —1 N1
+du( Z (Ti(l”l) — Ti(m))F(ggm))’ z (Ti(j_nl) _ Ti(m))G(éim)))
=0 1=0
Ny —1

+du( Y (5 —rM)GE™),R)- [ G(bdt)
1=0 T

1 Nmt 1
=3m + igg (Tz-l-l T ) H( (é’l, )’ (€z )) + 3m

Now, by lettingm tend to infinity, the second term on the right-hand side approaches the Riemann integral, the
other terms vanish and we have

du(R- [ Ft)dt,R)- [ G®)dt) < R)- [ du(F(2), G(1))dt.
T T T

4.3.2 Aumann’s Integral

Definition 4.42. LetZ = [to,t¢] andF : T = R™ be a set-valued mapping. Then,

[ F(7)dr = {z € R™: there exists an integrable selection
z
F(-) of F(-) onI with z = [ f(7)dr }
z

is calledAumann’s integrabf F'(-).

Proposition 4.43. Let T = [to,tf], f : T — R™ be (Lebesgue-)integrable ar#l : Z = R™ with F(t) =
{f(t)}. Then,

/F(t)dt - {/f(t)dt}.
T T
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Theorem 4.44. LetT = [tg,t¢] and F' : T = R™ be a measurable set-valued mapping with nonempty and
closed images. Then,

/F(T)dr = /@F(T)d‘r
z z

iS convex.
If, moreover,F'(+) is integrably bounded, then

/F(T)dT = /co(F(T))dT
T

T
is nonempty, compact, and convex.
Proof. see [Aum65-Irit] O

Proposition 4.45. LetZ = [to,tf] and F' : T = R™ be a measurable, integrably bounded set-valued mapping
with nonempty and closed images. Then,

6*(l,/F(t)dt)=/6*(l,F(t))dt (1 € R™).

Proof. see[[AF90-Int, Proposition 8.6.2, 3.] O

Exampled.46 (constant set-valued mapletZ = [to,t¢], U € K(R™) andF : T = R™ with F(t) = U for
allt € Z. Then, the Aumann-integral gives

/F(t)dt = (t; —to) co(U).
s
Proof. F(-) = xz(-)U is a simple map with measuratile hence measurable by Remprk|4.6. Since

JIF@lde= [1Ul1dt = (ts = to)|U]| < ox,

the map is also integrably bounded.
Now, apply Theorerp 4.44 and Propositjon 4.45:

8, [ F(t)dt) = [ 6*(1, F(t))dt
[rom=]rery
= (t; —t0)0* (I, U) = (t; —t0)d*(I,coU)

O

Corollary 4.47. LetZ = [to,tf], A € R™*™, p € RandF,G : T = R™ be measurable, integrably bounded
set-valued mappings with nonempty and closed images. Then,

0 [(F@+6@)dr= [F@dr+ [ 6@,
T T s
(i [ F()ydr = p- [ F(r)dr,
T T
(ii) /(A-F(T))dT —A. /F(T)df,
T

T

if additionally in (i) and (iii) the images ofA - F(-) resp.F (-) + G(-) are all closed.
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Proof. We will prove all claims by showing that there support functions are equal and use Progosition 3.61 and
Propositionf 4.45. This is justified by remembering Thedrem|4.44.
(ii) Let u > 0. Then, Propositiopn 3.115 shows

5 (L [ w F(rydr) = [ 6%t ue F(m)dr
T z
= [ w6 L F()dr = - [ 5*@ F(r))dr
z I
—u-8*(, [ F(r)dr) = 8* (- [ F(r)dr)
1 I

and hence equality in (ii).
Now, letp < 0. We will use the first part for non-negative scalars|fo} instead ofy:

6*(!,/u-F(T)dT) — /5*(1,H-F(T))df
T T
= [ 8* (L lul- F(r)dr = 6*(~L|ul- [ F(r)dr)
T T
:(5*(1,/,1,-/17(7')(17')
T

The other proofs are similar and use again Propodition B.115resp| 3.116. O

Corollary 4.48. LetT = [to,tyf] and F, G : T = R™ be measurable, integrably bounded set-valued mappings
with nonempty and closed images afidt) C G(t) for almost every € Z. Then,

/F(T)dT c /G(T)dT.
z A
Proof. We will use Propositiof 3.120 as well as Theofem .44 and Propogitioh 4.45:
6*(1, [ F(r)dr) = [ 8", F(r)dr
z z
§/5*(l,G(T))dT _ 6*(1,/G(T)d7-) (€S 1) 0
A z

The next result is the set-valued version of Lebesgue’s dominated convergence theorem (cf. Thedrem A.14).

Proposition 4.49. LetZ = [to,t¢] and F,,, : Z = R™ be measurable and integrably bounded set-valued map-
pings with nonempty images with the same funckiér) € L, (Z), i.e. there existd" C Z of measure zero such
that for everym € N

|Fm ()] < k(t) forte Z\WN.

LetF : T = R™ be defined as the limit ¢fF},, (+) ) men, 1.€.
du(F.(t),F(t)) —— 0 forallt € T.
Then,
dH(/Fm(T)dT,/Fm(T)dT) — .
1' z

Proof. cf. [Aum65, Theorem 5] O

Proposition 4.50. LetZ = [to,tf] and F : T = R™ be Riemann integrable with values@(R™). Then, the
Aumann integral and the Riemann integral coincide.
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Proof. seel[Pal75-Int, Theorem 4] O

Corollary 4.51. LetZ = [to,t¢] andF : T = R™ be measurable, integrably bounded set-valued mappings with
nonempty and closed images. Then, for a partii@) ;—o,...,n—1 0f Z we have

N-1
Z/F(T)d’r = iZOI[F(T)dT.

Proof. Consider the Carathéodory mapg(t, ) = xz; (t)x and the set-valued mapping$(t) := xz, (t) F (t) =
¢i(t, F(t)) = cl(pi(t,F(t))) which are measurable by Propositjon 4.26. Clearly, they are also integrably
bounded and have closed images by Propodition B.106(iii). Propdsitign 4.23 shows that the sum

N—-1
> Fi(t)=F(t) (20)
1=0

is measurable and has closed images by Lemma 3.84.
Then, Propositions 4.2[7, 445 and Theofem }4.44 and allows us to prdve (21) by looking at the support func-
tions.

5 (L, [ Firyar) = [ 6L F(o)dr = [ 6°(Lxz, (1) F () dr
T T T
:/Xzi(T)E*(l,F(T))d‘r:/5*(l,F(T))dT
I I;

= 65°(L, [ F(r)ar),
Z;

/ Fi(r)dr = / F(r)dr. 21)
T 7

Corollary[4.47(i) and[(20) justifies to sum the equations which yields
N-—1
/F(T)d’r = / z F;(T)dr
I T =0

= ]:gol/Fi(T)dT = Ijgol/F(T)dT

O

Proposition 4.52. Let Z = [to,tf] and F,G : Z = R™ be measurable, integrably bounded with values in
K(R™). Thent — du(F(t),G(t)) is integrable and

du( [ Fdt, [ G)dt) < [ du(F (1), G())dt.
[rom[cems ]

Proof. see([Pol83-Int, Theorem 2] O

For Further Reading
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5 Numerical Solution of Initial Value Problems
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Initial Value Problems
Problem 5.1 (Initial Value Problem). Let f : [tg,tf] X R™ — R™= andxo € R™* be given. Finde with
x(to) = X0,
(t) = f(t,z(t))

in the interval[to, ts].

5.1 Existence and Unigueness
Existence
Theorem 5.2 (Peano, cf. Walter[[Wal9D], Paragraphs 7,10).

(a) Local Existence:LetD C R x R™= be open andto,xo) € D. Furthermore, letf becontinuous inD.

Then, the initial value problefn §.1 possesaekast ondocally defined solution arounth,. The solution
can be continued to the boundary bf.

(b) Global Existence:Let f becontinuous and bounded [tg,tf] X R™=.
Then, there existat least onadifferentiable solution of the initial value probl§m b.1[#, ¢ £].

Existence and Uniqueness |

Theorem 5.3 (Picard-Lindeldf, cf. Walter [Wal9Q], Paragraph 10). Local Existence and Uniquenesstet
D C R x R™ open and(tg,zo) € D. Furthermore, letf becontinuous inD andlocally lipschitz-continuous
w.rt. z, i.e. for every(f,&) € D there exists a neighborhodd, (£, %) and a constan, = L(£, &) with

|f(t,y) — F(t,2)|| < Ly —z|| V(t,y),(t,z) € DmUe(f’:ﬁ)'

Then, the initial value problefn §.1 possesséscally uniquesolution aroundt,. The solution can be continued
to the boundary oD.

Existence and Uniqueness |l

Theorem 5.4 (Picard-Lindelof, cf. Walter [Wal90Q], Paragraph 10). Global Existence and Uniquenestet f
becontinuousn [to,ts] X R™ andlipschitz-continuous w.r.tz, i.e. there exists a constaiitwith

1f(ty) —fE&2) < Llly—=z|l  V(t,y),(t2) € [to,tg] X R™.
Then, there exists anique solutiorof the initial value problerh 5]1 ifto, ¢ £].

Idea of Proof
Proof. The proof of the theorems of Picard-Lindelof is based orfitted point iteration
yirr(t) = (Ty:)(t), i=0,1,2,...
for the operator
@y i=y(t0) + [ F(ry(r)ar

and the application dBanach’s fixed-point theorem O

Examples |
Example5.5 (Multiple Solutions).Consider

2(t) = —2/1—x(t) =: f(=(t)), z(0) =1.
Verify that
z(t) = 1,
z(t) = 1—12

both are solutionsf does not satisfy a lipschitz-conditionat= 1.
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Examples Il
Exampleb.6 (Locally Unigue Solution).Consider

z(t) = z(t)? =: f(x(t)), =(0)=xz0 € R.

f(z) = x? is not lipschitz-continuous oR but onlylocally lipschitz-continuous
Locally unique solution:
o

xot—1"

z(t) = —

If t =1/x0, o # 0, thenz is unbounded.
If o > 0, the solution is defined iG—oo,1/x0).
If o9 < 0, the solution is defined ifl/xzg, c0).
If xo = 0, thenz(t) = 0 is defined orR.

Examples llI
Solution forz(0) = x¢ = 1:

40

L

-40

Examples IV
Examples.7 (Globally Unique Solution) Consider

i(t) = Az(t) =: f(z(t), x(0)=z0€R
with A € R. f is globally lipschitz-continuousThe globally unique solution is given by

z(t) = xo - exp(At).

5.2 One-Step Methods
One-Step Methods

Grid
Grpi={to<t1 <...<tn :tf}
Stepsize
hi:ti+1—ti, iZO,l,...,N—l, h:izol,?fl)\(]—lhi.
Increment function
(I)(tawah')

General One-Step-Method:
Construct grid functiorxy, : Gp, — R™= by

zn(to) = o,
:Bh(ti+1) = mh(ti)+hi§(tiamh(ti),hi)a iZO,...,N—l.
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Explicit Euler Method

Example5.8 (Explicit Euler's Method).Special choicéd(t, x, h) := f(t,x) yields

zp(to) = o,
xh(tit1) = zn(ts) +hif(ts,zn(ts)), i=0,..

Idea: local linearization

A

Connection: Explicit Euler Method and Riemann Sums
Special casef does not depend an, i.e. f = f(t)!
Solutionof &(t) = f(t), z(tp) = 0:

t
a(t) = | f(rydr

to

Euler's methodequidistant grid, step size = (t; —to) /N

1—1 t;

z(t) = Y hft) ~ [ f(r)dr =a(t)
j=0 to
Explicit Euler's method corresponds to a Riemann sum!

Implicit Euler Method
Exampleb.9 (Implicit Euler's Method).

N —1.

zn(to) = o,
wh(ti+1) = $h(ti)+hif(ti+1,wh(ti+1)), iIO,...,N—l
Increment function is defined implicitly:
®(t,x,h) = f(t+ h,x+ h®(t,z,h)).
Heun’s Method
Example5.10(Heun’s Method).
zn(to) = o,
ki = f(ti,zn(ts)),
k: = f(ti+hi,xn(ts) +hiky),
h; .
mh(ti+1) = mh(ti)‘i‘?(kl"‘k&), Z:O,...,N—l.

Increment function:

@(t,2,h) = o (F(6,2) + (b4 b+ hf (t,2))-
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Connection: Heun’s method and Trapezoidal Rule
Special casef does not depend an, i.e. f = f(¢)!
Solutionof &(t) = f(t), z(to) = 0:

2(t) = /t: F(r)dr

Heun'’s methodequidistant grid, step siZze = (ty —to)/IN

on(bs) = gzi (f(t;) + f(tjz1)) =h (f(to) 'S f(tz')>
=0

5 +j;f(tj)+ 5

t;
z/ F(r)dr = x(t;)
to
Heun’s method corresponds to the iterated trapezoidal rule!

Modified Euler’'s Method
Examples.11 (Modified Euler's Method).

zp(to) = o,
ki = f(ti,zn(ts)),
k)z = f(ti+hi/2,$h(ti)+hi/2°k1),
:Eh(ti+1) = .’I}h(ti)-l-hikg, i:O,...,N—l.

Increment function:
®(t,xz,h)=f(t+h/2,c+h/2-f(t,x)).

Runge-Kutta Methods |

Example5.12 (Runge-Kutta-Methods)For s € IN andb;,c; € [0,1],a;5, ¢,j = 1,...,s thes-stage Runge-
Kutta-Methodis defined by

zp(tita) = @a(ti)+hs ) bik;(ti,zn(ti);hi)
j:l
kj(ti,xn(ti)shs) = f(ti+cijhi,xn(t;)+h; Z ajiki(ti,xn(ti);hi))
=1

Increment function: .
®(t,z,h) = Z bjk;(t,z;h)
=1

Runge-Kutta Methods Il
Butcher-Table

Ci1|Qai1 ai2 *°* Qais

C2 | @21 Q22 -°** Q424 c|l A
=
bT
Cs | Qg1 Qg2 *** Qss
‘ by, by --- b,

Explicit methods:a;; = 0 for 5 > <.
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Classic Runge-Kutta Method
Example5.13(Classic Runge-Kutta-Method of order 4).

0
1/2 | 1/2
1/2| 0 1/2
1 0 o0 1
|1/6 1/3 1/3 1/6

xh(tit1) = xp(t;)+hi(k1/6+k2/3+k3/3+ks/6)
ki = f(ti,zn(ts)),
k2 = f@i+hi/2,zp(ti)+hi/2-k1),
ks = f(ti+hi/2,zn(t;) +hi/2-k2),
ks = f(ti+hs,zn(t;)+ hiks).

Radau-11A Method
Example5.14 (Radau-11A Method).implicit, 2-stage, order 3

1/3|5/12 —1/12

1 | 3/4 1/4
| 3/4  1/4
3 1
wh(tivr) = @a(ti)+hi <4k1+4k2)

ke = F(tot S an(t) 4 b (o — ok
1 — f(z+37$h(z)+ 1 EI_EZ )

3 1
ko f (tri-hi,mh(ti)-l-hi <k1+k2)> .
4 4
5.3 Convergence of One-Step Methods

Notations
One-Step-Method

zn(to) = o,
Cch(ti+1) = :I?h(ti)-i-hi’(ti,mh(ti),h), iZO,...,N—l.

Exact Solution &
Restriction Operator ofyy, :

Ap:{x: [to,ty] > R"™} — {z) : G, — R"=}, T — Ap(x)

Norm for grid functions:
lzhlloo = max llzn (L) ]

Convergence
Definition 5.15 (global error, convergence).Theglobal errorey, : G, — R™* is defined by
en = xp — Ap(2).
The one-step method is callednvergentf
lim [len oo = 0.
The one-step method t®nvergent of ordep if
llen(+)|loo = O(RP) forh — 0.
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Convergence /
&(:)
An(2)(+)
zh(-)

en() T ¢ ¢

Consistency: Preliminaries
In the sequel:

Let y denote thdocal solutionof the initial value problem

y(t) = f(t,y(t), y(t*)=="

for arbitrary
z* eR™™, t* € [to,ty].

Consistency: Motivation

Consistency: Motivation
‘Linearizations’

t—t*

ra(t) = x*+ (y(t* +h) —z%)

h

h

*

sp(t) = x*+ (xh(t*+h) — )
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Postulation:
lim (v} (t) — s} (t)) =0
hl O(Th( ) Sh( ))

ie.
0 = &ig})(rib(t)—sg(t))
. (y(t*—i—h)—sc* :ch(t*—l—h)—m*)
= lim —
h—O0 h h
— lim (W—Q(t*,w*,h)>
h—0 h

Consistency
Definition 5.16 (local discretization error, consistency).Thelocal discretization erraat (t*,2*) is defined by

_ y(t*+h) —z*

Lp(t*,x™) : 3

—®(t*,z",h).

The one-step method is callednsistentf
rlbinheh(t*’w*) =0 V(t*,z*) € [to,tf] X R"=.

The one-step method t®nsistent of ordep if

O (t5,a*) = O(hP)  Y(t*,a*) € [to,t5] X R™=.

Remarks
Remark 5.17.
e Since
_y(@*+h)—(z*+h®(t*,z*,h))  yt*+h)—zn(t*+h)
- h o h

the local discretization error often is callddcal error per unit stepNotice, that the local error is of order
p+ 1, if the method is consistent of ordpr

Eh(t*,w*)

e Itis sufficient to postulate consistency only in a neighborhood of the exact sadution

e The maximum achievable order of implicit Runge-Kutta metho2ls, ithat of explicit Runge-Kutta methods
is s, wheres denotes the number of stages.

Consistency of Euler's Method
Exampleb.18(Explicit Euler's Method).

zp(t*+h) =z +hf(t*,z*).
Taylor expansion of local solution:
y(t* +h) = 2" +y(t")h+ O(h*) = 2" + f(t*,2")h + O(h?)
Taylor expansion of local discretization error:

_y@t*+h)—=z*
B h

Explicit Euler's method isonsistent of ordet (if f is smooth enough).

Ln(t*,2") — f(t",2") = O(h)
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Consistency of Runge-Kutta Methods
Order conditions for Runge-Kutta Methodd’ sufficiently smooth)

=1
hd 1
p=2 Z bic; = 53
=1
hd 1 hd 1
p=3 Z bic; = 3’ Z bia;jc; = 6’
=1 ,0=1
s 103 18 5 1 s 1
p=4: bici = 15 ) biciagie; =g, 5 biaijej = 1o, biaijajrer = 54
=1 %,7=1 3,=1 %,J,k=1
In addition, thenode conditionsnust hold:
S
c; = Zaij, 1=1,...,s.
=1
Node Conditions
The node conditions
S
C; = Zaij, ’l:=1,...,8.
=1

ensure that the Runge-Kutta method applied to the non-autonomous equation

' (t) = f(t,z(t))

and the equivalent autonomous equation

( 9;’((:)) ) _ ( f(t(T)l,w(T)) )
yields thesame solution

Stability: Motivation
Consistency alone is not enough for convergence. In addition, we need stability!

Stability of a functionF' : R — R in &:
There existR > 0 and.S > 0 such that

|F(z:i) —F(@)|| <R, i=1,2 = |1 -2l < S||F(21) - F(z2)|l

small deviation in function values- small deviation in arguments!

Stability: Motivation
The stable case:
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Y

——
SS||F(z1)—F(z2)l

Stability: Motivation
The unstable case:

F(z1) -
=f A F@
= F(x2)

>S8||F(z1)—F(z2)l

Stability: Preliminaries
For an arbitrary grid functiowy;, : G, — R™= let

On(to) = yn(to) — o,
t;) — t;— .
On(ts) yn () hyh( ) —®(ti—1,yn(ti—1),h), t=1,...,N.

The functiondy, : G, — R™= is calleddefect ofy;,.

Stability

Definition 5.19 (Stability). Let {xx}n, h = (ty —to)/N, N € N be a sequence of solutions of the one-step
method. Furthermore, Idtyr }» be a sequence of grid functiopg : Gn, — R™= with defectdy,.
The one-step method is callsthble if there exist constantS, R > 0 independent oh (and V), such that
for almost allh = (t; —to)/IN, N € Nit holds:
IOrlle <R = |lyp —Znlloo < S||0nllo

R is calledstability thresholdand.S' stability bound
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Convergence Theorem
Consistency and stability ensure convergence.

Theorem 5.20 (Convergence)Let the one-step method bensistenandstable Then it isconvergent
In addition, if the one-step methoddensistent of ordep, then it is alsaconvergent of ordep.

Convergence: Proof
Proof. Exact solutionz yields adefectwhen introduced into difference scheme:

(5h(t0) = iﬁ(to) — Lo = 0,
x(t;) —x(t;— . .
on(t;) %—‘I’(ti—law(ti—lbh% t=1,...,N.

It holds ||dn || o < R for sufficiently smallh since the method isonsistenti.e.

Oz;llil,rz)eh(ti’i.(ti))Z}Eil,%éh(ti"'l) Vi=0,...,N —1.

Convergence: Proof
Stability of the method yields

llenlloo = llzn — Ar(2)|loo < S||0n||o-
With 85, (to) = 0 anddp (¢t;) = Ln(ti—1,2(ti—1)), 2 =1,..., N consistency yields
Jim |8 lo0 = 0

resp.
0]l = O(RP)  forh — 0

if the order of consistency ig. O

Stability Condition
Sufficient condition for stability:

Proposition 5.21. Let the increment functio® of the one-step method tipschitz-continuous w.r.tz for all
sufficiently small step sizésand allt € [to,tf].
Then, the one-step method is stable.

In particular: the increment function of Runge-Kutta methods is lipschitz-continugfiss Ifpschitz-continuous.

Stability Condition: Proof
Proof. Lipschitz continuityof ® = 3hg > 0, L > O:

®(t,y,h) —®(t,2,h)|| < Llly—z|  Vy,2, 0 <h < ho, t € [to, ty].
Let Gy, be a grid with0 < h < hg. Lety;, be a grid function with defeai;, and
|on|lcc < R.
Then,
lyn(to) —zn(to)ll = @0+ dn(to) — zoll = [|6n(to)l

and
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Stability Condition: Proof
forj=1,...,N:
lyn(t;) —zu(@)l = 1| yn(tj—1) +h®({Ej—1,yn(tj—1),h) + hon(t;)
—@p(tj—1) —h®(tj—1,zn(tj—1),h)|l

< llyn(ti—1) —zn(tj-1)ll
+h||®(tj—1,yn(tj—1),h) — B(tj—1,zn(t—1),h)l
+hl[6n ()l
< (A+hL)|lyn(tj-1) — zn(tj—1)[l + hll6n(E;)]].
Stability Condition: Proof
Recursive evaluation yields
. J .
lyn(ts) —zn(t)l < (A+hL) [lyn(to) —zn(to)ll+h Y (1+hL) |6k (ts)ll
k=1
< exp((tj —to)L)||dn(to)ll
+,max 10n (te) | exp((t; — to)L)(t; — to)
< Cexp((t; —to) D), max 15 (tx)]l

=0,.

whereC := max{ty —to,1}, (1 +hL) < exp(hL), jh =t; — to.With S := Cexp((ty —to)L) we
finally obtain
lyn — @nlloo < Slldnlco-

Remarks
Remark 5.22.
e The assumption can be weakened: It suffices,&histlocally lipschitz-continuous at the exact solutidn

e During the definition of stability we implicitely assumed that the numerical solutjpsatisfies the equa-
tions of the one-step method exactly. In praxis, this is usually not the case since roundoff errors occur.
However, the above definitions can be extended to this situation. Moreover, Stetter [Ste73] develops a
general convergence theory, which is applicable to many other problem classes.

e There are different stability definitions being very important for the numerical solution of initial value prob-
lems. For instancestiff differential equationgequire A-stableresp.A(a)-stable methodsvhich necessarily
leads to implicit methods in connection with Runge-Kutta-Methods.

5.4 Step-Size Control

Step-size Control
Efficiency: Need for algorithm for automatic step-size selection

Idea:
e numerical estimation of local (or global) error

e choose step-size such that error is within given error bounds

Ansatz:employ two Runge-Kutta methods with
¢ neighboring order of convergence, iandp + 1
e increment function® and®

e approximations; and#
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Local Errors
Starting att;_, with n(t;—1) = 71(tj—1) = xj—1 one stepwith stepsizeh is performed forboth Runge-
Kutta methods.

local discretization error of first method:

y(tj—1+h)—z;
h

local discretization error of second method:
y(tj—1+h)—=x;

Lp(tj_1,2j_1) = L ®(tj_q,xj_1,h) = C(tj_1)hP + O(RPTT)

Cp(tj_1,0 1) = L _®(t;_1,xj_1,h) = C(t;_1)hP 1 + O(WPH?)

h
Estimation of Principal Error Term
local errors:
n(tj-1+h) —y(ti—1+h) = —C(t;_1)h" +O(RP+?)
M(ti-1+h) —y(ti-1+h) = —C(t;—1)hP*+O(hP+?)

Estimation ofC (t;_1):
1
—C(tj—1) = FYET (m(tj—1+h) —n(tj—1+h)) +O(h)

New Step Size
New step-size:Estimation of local error using first method with new step-¢izg..:

TI(tj—l +hnew) - y(tj—l + hnew)

hne’w p+1
=(n(tj_1+h)—ﬁ(tj_1+h)>( 5 ) +O(h-hiks) + O(RRES

Postulation:
IM(tj—1+ Pnew) —Y(tj—1+ Anew)|| < tOl
Result:

tol\ P+!
e < (gn)  +ho o= nlt-a +1) =ty + 1)

Imbedded Runge-Kutta Methods
Efficiency: imbedded Runge-Kutta methods

C1 aj1 a2 - Qis
C2 az1 Q22 -+ QA2
Cs As1 Qg2 *** QAgs
RK, | by by -+ b
RK> | by by -+ b
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Imbedded Runge-Kutta Methods
Examples.23 Runge-Kutta-Fehlberg of order 2(3)

0
1 1

1/2 |1/4 1/4
RK,|1/2 1/2 0
RK, |1/6 1/6 4/6

Check: RK; has order, RK5 has ordes!

Algorithm for Step-size Control |
Algorithm for step-size control:

(0) Init: t = tg, x = xo. Choose initial step-sizk.
(1) ft+h >ty seth=1ty—t.
(2) Compute approximationg and# att + h with RK; resp. RK, starting ate.

(3) Computeerr andh,,., according to

_ (|77i—77i|>
err = max —_—

i=1,...,ng Ski

scaling factorsk; = atol + max(|n;|, |z;|) - rtol, absolute error toleranegtol, relative error tolerance
rtol,

Algorithm for Step-size Control Il

Prew = Min(Qmaz, Max(Qmin, o - (1/err)/ ATP)) . p
with atmae = 1.5, Qpmin = 0.2 anda = 0.8.
(4) If hpew < Rmin := 1078, stop with error message
(5) If err <1 (accept step

(i) Setx =n,t=t+ h.
(ii) If |t —tf| < 1078, stop with success
(i) Seth = hyeqw and goto (1).

if err > 1 (reject stefy Seth = hyeq and go to (1).

Numerical Example
Differential equation:

B(t) = w(t) +29(0) - PG — =G,
§t) = y(t)—z@(t)_ﬁ%?_u%?’

wherepy = 0.012277471, 5 =1 — u, and

Dy = /((z(t)+n)2+y®)?)?3,  D2=(((t)—n)2+y(t)?)>

Initial values:
z(0)
x(0)

0.994, y(0)
0, y(0)

0,
—2.001585106379.

129



Numerical Example
Solution: explicit/implicit Euler, (x(t),y(t)), [a,b] = [0,17.065216560158], h = (b—a)/N.

100 400
80 1 300 |
60 1
40 ] 200 |
20 1 100 |-
0 ]
20 1 or
-40 4 -100 |
-60 1 -200 |
.80 4
-100 ] -300 1
-120 -400
80 -60 -40 20 0 20 40 60 80 100 -400 -300 200 -100 O 100 200 300 400 500
"EXP1000" u2:3 —— "IMP1000" u2:3 ——

Numerical Example
Solution: explicit/implicit Euler, (x(t),y(t)), [a,b] = [0,17.065216560158], h = (b—a)/N.

25 100
2 ] 80 -
60 |
15 1
40 t
1 q 20 |
0.5 , 0r
-2 L
0 | 0
a0l
-0.5 1 60 |
4 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 80 R . . .
2 45 4 05 0 05 1 15 2 100 -80 -60 -40 20 0 20 40 60 80 100 120
"EXP24000" u 2:3 —— "IMP24000" u 2:3 ———

Numerical Example
Solution: explicit/implicit Euler, (x(t),y(t)), [a,b] = [0,17.065216560158], h = (b—a)/N.

N=100000: N=1000000:
1.5 T 1.5
1 1r
05 05
0 or
-0.5 05
-1
-
15 : ‘ : :
15 : ‘ : : 15 - 05 0 05 1
15 - 0.5 0 05 1
"EXP1000000" u 2:3 ——
"EXP100000" u 2:3 —— "IMP1000000" u 2:3 -
"IMP100000" u 2:3 - "EXAKT" u2:3

Numerical Example
Solution: Runge-Kutta method RKF2(3)
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5.5 Sensitivity Analysis

Sensitivity Analysis
Often, initial value problems depend on parameters, e.g. air density, damping constants, reaction constants.
Hence, we consider

Problem 5.24 (Parametric Initial Value Problem). For given functionsf : [to,tf] X R™* X R™ — R™=* and
xo : R™ — R™= and given parametep € R™» solve the initial value problem

&(t) = f(t,z(t),p),  z(to) = zo(p)- (22)

Since the solution depends pnit is denoted bye (¢; p).

Questions
Questions:

e Under which conditions is the solution of the initial value probleeoatinuousor evencontinuously dif-
ferentiablefunction w.r.t. the parameter?

e How can thesensitivities

be computed?

Gronwall Lemma
We need an auxiliary result.

Lemma 5.25 (Gronwall). Letwu, z : [to,tf] — R be continuous functions with
t
u(t) < e+ L/ w(r)dr + 2(t)
to

for all t € [to,t¢] and some constants L > 0.
Then:

u(t) < (e max [2(r)] ) exp(Dt—to)) Ve € [torts]
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Gronwall Lemma: Proof
Proof. Define

t
v(t) := / u(T)dT.
to
Then,v(to) = 0 and
t
o' () = u(t) < c+L/ w(r)dr + 2(t) = e+ Lo(t) + 2(b).
to
Furthermore, it holds

L@ exp(~Lt—10)) = /() ~ Lo(®) exp(~L(t ~ 1))
< (c+2(t)) exp(—L(t —to)).

Gronwall Lemma: Proof
Integration leads to

v(t)exp(—L(t—to)) < /t:(C+Z(T))eXp(—L(T—to))dT

<c+t§23’§t |z(7’)|) 1- eXP(—LL(t —t0))

IN

We get
exp(L(t—tg))—1

L

v(t) < <c+t0rgg>§tIZ(T)l)

Gronwall Lemma: Proof
With this estimate we finally obtain

u(t) < c+Lv(t)+=2(t)

< ¢t max, |z(T)| + <c+t0rg§>§t Iz(T)I> (exp(L(t —to)) —1)

(c+ max, =] ) exp(L(t ~to)).

O
Dependence of Parameters
Theorem 5.26 (Continuous Dependence of Parameterspssumptions:
e Lipschitz conditionFor all t € [to,tf],x1,Z2 € R™,p1,p2 € R™P:
1 f (¢ 21, p1) — f (¢, 22, p2) || < L([|z1 — 22| + [|p1 — p2l]) (23)

e Letxg : R®? — R™= becontinuous

Dependence of Parameters
Theorem 5.26 (continued).Assertions:

e x(t;p) is acontinuoudunction ofp for everyt € [to,ty], i.e.

lim z(t;p) = z(¢;9) vt € [to,t5], p € R™P.
P—p

e If x¢ is lipschitz-continuous, then there exists a consmtith

lz(t;p1) —x(t;p2)|| < Sllpr —p2ll VYVt E [to,tf], P1,p2 € R™P.
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Dependence of Parameters: Proof
Proof. Solutionz for parametep:

2(t:p) = @o(p) + | " F(t (), p)dt.

The lipschitz condition guarantees the global existenc@tgyt¢] for everyp € R™r. For given parameters;
andp, and the corresponding solutiom§t; p,) andx(t; pz) Gronwall's Lemma for every € [to,t¢] yields

lz(t;p1) —x(tp2)l| < llzo(pr) — zo(pa)ll
+ / £ (my@(T3p1), 1) — F(Ty2(T3p2),p2) | dT

Dependence of Parameters: Proof

< lzo(p1) —zo(p2)ll
+L [ llo(ripn) e (ripa)llar
+L(t—to)llp1 — p2|l

< (llzo(pr) — zo(p2)ll

+L(t —to)llpr — pall) exp(L(t —t0))-

Special Case
Special caseDependence on initial values

With
zo(p) =p, f=f(t,x)
it follows
lz(t;p1) — z(t;p2) || < [lp1 — p2llexp(L(t —to))-

Computation of Sensitivities |
ObservationiVP is identity inp!

Total differentiation w.r.tp:

9x(toip)  _ ()
ap — 0 D),
o /d ox(t; ,
o (dtm(t;p)> = f.(t,z(p),p)- w(‘(;;)p) + fp (2 (t:p),p).-

Assumption:

:p (jtm(t;p)> = % (;pm(t;p))
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Computation of Sensitivities Il

Sensitivity Differential Equation

S(to) = =z4(p),
St) = fi(t,z(t;p),p)-S(t) + f,(t,x(t;p),p)-

Special caseDependence on initial values
o xo(p) =p=zo(p) =1
L4 f:f(t,m)if;EO

Notice: In this caseS is a fundamental system!

For Further Reading
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6 Discrete Approximation of Reachable Sets
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Basic Ideas for Set-Valued Quadrature Methods

e numerical approximation of Aumann’s integral uses that this integral is a convex, compact set under weak
assumptions

e integration of the support function of the svm gives the support function of Aumann’s integral

e pointwise quadrature methods with non-negative weights applied to support functions define set-valued
quadrature methods

e appropriate smoothness for set-valued quadrature methods means the smoothness of the support function
w.r.t. timet uniformly in directiond € S,,_1

o for appropriate smoothness the same order of convergence could be reached for set-valued quadrature meth-
ods

Basic Ideas for Smoothness Conditions

¢ the averaged modulus of smoothness is an appropriate tool to overcome the difficulty in proofs for conver-
gence order that the support function is often notT C

e “smoothness” off'(-) = A(-)U up to “order 2" is given, ifA(-) is smooth

e examples of “smooth” svms could be given
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6.1 Set-Valued Quadrature Methods
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Basic Ideas
LetZ = [to,ty] andF : T = R™ be measurable, integrably bounded with valuelifiR™).
By Theorenj 4.44, the (Aumann) integralsB{-) andco F(-) coincide, i.e.

I/F(t)dt - /coF(t)dt.

z

Therefore, we can assume from now on thgt) has values it€ (R™).
Please notice that convex sets could be far easier represented in the computer than only compact sets.
Let us remark thaf, F'(t)dt is under these assumptions itself convex, compact and nonempty by Theorém 4.44.

Basic Ideas

To define set-valued quadrature methods, we first look on the support function of the integral which coincides with
the integral of the support function (cf. Propositjon 4.45):

[Fwdt= () {zeRr"|ma) < [ 5", F(1)dt}

nESy 1

The representing functiod* (n, F'(+)) is a single-valued function for which quadrature methods are well known.
If Q(f) is a quadrature formula for a functigi(-) we will study set-valued analogues

QF):= () {z€R"|(n=z) < Q" (n,F(-))}

neESnp_1

Attention: Q(6*(n, F'(-))) is only a support function (espec. convex), if all weights are non-negative (cf. Propo-
sition[3.64). Otherwise) (F') could be empty!

Notation 6.1. LetZ = [0,1] and f : Z — R™. Then,
Q(fsT) :=Q(f):= zlbu.f(tu)
IJ,:

defines a quadrature method with weightsandm different nodes, € Z, p = 1,...,m.
The remainder term describing the error is denoted by

R(fiT) = R(f) = [ £(r)dr = Q).
z

Point-Wise Quadrature Methods
Apply the quadrature method for a common interdal= [to,ty] and f : T — R™ and use that for the function

F(t) := f(to+t-(ty —to)), t €[0,1]:
QAN = 3 buf(t) = 3 buf (to+tu(ts —to)),
ty 1 1 B
[ £®dt =t —to)- [ £to+t-(t —to))dt = (tr —to) - [ F(t)dt
This motivates to set
QUT) = (b7 — ) QT 0,1]) = (b —to) 3 buf(to+ 1+ (b —to)).

The corresponding quadrature method&yy t s] uses the weightét  — )b, and the nodety +t, - (tf —to),
p=1,...,m, with remainder ternR(f;Z) = (ty — to) R(f;[0,1]).
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Iterated Quadrature Methods

A common technique to decrease the error measured by the remainder term is the partition of the integral:
Let (t;);j—o,...,n be an equidistant partition @ = [to,tz] with step-sizeh := tf;,to, i.e.

to<t1 <...<tn_1 <ty =ty.

Then, motivated by

ty N1 b+l
/f(t)dt: s /f(t)dt
to =0 t;
we define
N-—-1
Qn(f:T):=Qn(f) = Y Q(f;lts>ti4a])s
j=0

by
Ry (f) = Rn(f) = [ 1(O)dt—Qn(£37)

as theterated quadrature methodith corresponding remainder term.
Example6.2 Easy quadrature methods are:

(i) (iterated) special Riemann sum (staircase sum):
Q(f) = 1(0),
N-—-1
AN(FT)=h Y f(t;)
j=0
(ii) (iterated) trapezoidal rule:
1
Q) = 5 (F(O) +F(1)),
N-—1 1 h N-—-1
AN(fiT)=h § S(Ft)+F(tin) = 5 (F(to) + ) +h 3 F(ts)
=0 =1
Example6.2 (continued).
(i) (iterated) Simpson’s rule:
1 1
Q) = (0 +4F(3) + (1)),

T NI PONE NSO
QN(fiT) = j;]g(f(j)+ F(t5+3) + £ (ti41))
N-1 N-—1
= " (ftto) + £+ pROE = pRLCE n

(iv) (iterated) midpoint rule:

1
QN =£(3),

N-—-1

ON(ET) =h 3 f(t;+ )
j=0
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Proposition 6.3. LetZ = [to,tz] and f : T — R™. Then, the iterated quadrature method

N-1
Qn(f;D) = ) Qfs[tj>tj4a])
j=0
for a partition (¢;) j—o,...,n With step-sizé: yields
N-1
Rn(f3T) = 5 R(f3ltj,ti+al)-
j=0

Proposition 6.4. LetZ = [tg,tf] andf Z — R™ with f € C2. Then, the (iterated) trapezoidal rule fulfills:

R(FiT) = - 1 Urobl s, IRl < Y0 ) r@ ),

3

h —
Ry (fiT) =~ S ). IRn(D < M0 2 max £ 0]
=0

where§ € (to,ty), &5 € (t5,tj41),5=0,...,N —1.
Notation 6.5. For a quadrature formulaQ(-) with remainder termR(-) we denote
Q(n, F) :=Q(6*(n, F(+))),
R(n, F) := R(6"(n, F (")),
Qn(n, F) :=Qn (6" (n, F(-))),
Rn(n, F) := Rn(6*(n, F(-)))
for n € R™. For a measurable and integrably bounded set-valued mapping@ = R™ with images iniC(R™),

we set
Q(F) = ﬂ {SE eR” | <77’$> < Q(naF)}a (24)
nESp_1
Qn(F):= (] {z€R"[(n,z) <Qn(n F)}
nESnp_1

as the (iterated) set-valued quadrature method.

Proposition 6.6. Let F' : Z = R™ be a measurable and integrably bounded set-valued mapping with images in
IC(R™), and let the quadrature formul@(-;Z) havenon-negativeveightsb,,, nodest,, € Z, p = 1,...,m,

and remainder ternR(+; 7).

Then, the following error estimate holds

ds( / F(@0)dt,Q(F) = sup |R(n,F)l;

n—1
where

Q(F) = z by co(F(t.)).
p=1
Proof. Let us studyQ(n, F') first:

Q(n,F)= 3% b, 6*(n,F(t,)) =0"(n, ) bucoF(t.)),
pn=1 —— pn=1
=% (n,co F ()

since Propositiof 3.115 and Lemina 3.51 were applied. HeR¢®, F) is the support function o (F) by
Propositior} 3.64 so that with the help of Corollary 3157

([ F()at,Q(P) = sup 18", [ F(@)dt) =" (,Q(F))]
z not z
= sup | [8* @ F(®)dt—Q(, F)
les,, 1 j

= sup |R(l,F)|. O

n—1
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Example6.7 (further quadrature methods).

(i) Newton-Cotes-formulae of closed type, i.e. the interpolation polynomiél) of degreed € Ny onZ =
[to,ts] at equidistant nodes with step-size= =t (resp. atq for d = 0), including the boundary points

d
to,ty is integrated, i.e.
by
QP = [ pat)t
to

non-negative weights up to convergence order 10, cf. Tgble 1

(i) Newton-Cotes-formulae of open type
as in (i) with the same polynomial degree, but the equidistant nodes with step—s&zé;;—t; avoid the
boundary points of
non-negative weights up to convergence order 4, cf. Tdble 2

Example6.7 (further quadrature methods, continued)iii) for Newton-Cotes-formulae of closed type wilh=
8 ord > 10 resp. for Newton-Cotes-formulae of open type with= 2 or d > 4 negative weights appear
cf. saved convergence order in [Bai95] under additional geometrical condition on the integrand

(iv) Gaussian integration (interpolation polynomial of degieéor which the nodes are chosen “optimal’, i.e.
the order of convergence reactif)
The weights are always non-negative.
cf. [Sto93] Lem9B]

(v) Romberg’s integration (extrapolation of the iterated trapezoidal rule) with Romberg’s step sefiyeace
trzto e N, generates quadrature formulae of de@ge p € N, if sufficient smoothness is present.

Helping tableaus generate lower and upper bounds for the (theoretical) value of the integral.
cf. [Sto93] Lem9B]

Remark 6.8. For set-valued generalizations cf. [DF90] and [Bal95, BL94b, BL'94a] (incl. inner and outer ap-
proximations of the Aumann integral with Romberg’s method).

Example6.9. The following table$ JL and]2 show, up to which polynomial degrees the Newton-Cotes formulae
have non-negative weights. The order of convergence in the tables is meant for the iterated quadrature methods
under sufficient smoothness.

polynomial | convergence name
degreed order of the method

0 1 iterated staircase sum

(special Riemann sum)

iterated trapezoidal rule

iterated Simpson’s rule

iterated3 /8-rule (pulcherrima, Faldregel)
iterated Milne’s rule

(no name)

iterated Weddle’s rule

(no name)

(no name)

O~NO U WNPE
OO A~bMDN

[

Table 1: closed Newton-Cotes formulae with non-negative weights

To calculateQ (F') in the computer we need to replace the (infinite) intersection ih (24) by a finite one:

Proposition 6.10. LetC € C(R™) andGnr = {n*|i =1,..., M} C Sp_1 withd(S,,1,Gns) <e. Ife < %
and
Cui= ﬂ {wGR”Hni’m) S(S*(n’,C)}

i=1,...,M
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polynomial | convergenc name
degreed order of the method
0 2 iterated midpoint-rule (rectangle rule)
1 2 (no name)
3 4 (no name)

Table 2: open Newton-Cotes formulae with non-negative weights

thenC), is bounded by - ||C|| in the norm and
du(C,Cr) < 3-]|C) -e.

Proof. ltis clearthatC' C Cps. Letus estimatdl Cps|| by ||C||. For this purpose, choose an arbitrgrg S,, 1
and an appropriatg® € Gy with ||n — nt|| = dist(n,Gnrr) < d(Sn_1,G0m) < €.

In the same manner, there exigts € Gar with ||(—n) — 77| < e.
Forx € Chy:

(m,z) = (n—n',z) + (n',z) < |In—n'|-llz| +6*(n*,C)
<e-|lz| +£efga>_<1 [6*(&,C)| =e-|lz||+ |C]l,

(=m,z) = ((=n) =7, z) + (07, z) < ezl +IC]],
[(m,z)| <e-[lz||+IC]l

1

forallm € S,,_1. Now, choose) := Tl

x, if x # Orn (Otherwise, the following estimation is trivial):

1
Izl < e-flzll+]ICll and iz < —-[IC]l

for all z € Cps. Hence, we arrive at the estimatii® s || < = - ||C|| < 2-||C]|.

1—¢

Let us show thad* (n*,Cns) = 6*(n*,C) forp=1,..., M.

*(n*,C) < 6*(n*,Cnr), sinceC C Chy,
(n*,z) < *(n*,C) forallxz € Cyy,
6*(n*,Cnm) < 6% (", C)

Now, choosep € S,,_; such thad(Chs, C) = §*(n,Car) — 6*(n,C). Again, take an appropriat¢ € Gas
with || — n’|| = dist(n,Gar). Hence, we have for < 1

d(CMa C) = (5*(777CM) - 5*(niacM)) + (6*(niac) - 6*(777 C))
+ (6*(n*,Cm) — 6*(n*,C))
<lm=n*l-ICmll +1In* =l - [ICl|+0 < e- ([[Cumll + ICI)

1
<o (o et +icl) <«

O
To calculateQ (F") with supporting points in a finite number of directions, we need the following justification.

Proposition 6.11. LetC € C(R™) andGps = {nt|i=1,...,M} C S,y Withd(S,,_1,Gn) < e. If
Cyr = co{y(n*,C)|u=1,...,M},

thenC, is bounded and B
du(C,Cpr) < diam(C)-e <2-||C|| -e.
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Proof. Clearly, Cwm C C which shows the boundedness. Hence, cheoseC and an appropriatéy; € Cum
with

llc — énz|| = dist(c, Cprr) = d(C,Ch).

The case thaljc — ¢as|| = O is trivial. Otherwise, the characterization of the best approximation yields for all
w e CM

<C—EM,’LU—EM> SO,
dist(c,Cnr)? = (c— €nr,c— Epr)
=(c—cpm,c—w)+ {c—Cpryw — Cpr)
<{c—cm,c—w). (25)

Setv := m(c— ¢ ), choosen? € Gas with ||v — n?|| = dist(v,Gar) < e and setw = y(n?,C).
From (2%) follows

dist(c, Car) < (c—em,c—y(n',C))

dist(c,Chr)

= (v,c—y(n*,C))

< (n*,y(n*,C)) — (n*,c) —(v,y(n*,C) —c)
<o

=(n*—v,y(n*,C) —c)

<|n*—vll-ly(n*,C) —c|| < diam(C) -¢.

O
To approximate the Hausdorff distance numerically by choosing only a finite number of directions, we need
the following justification.

Proposition 6.12. LetC, D € C(R™) andGar = {n*|i=1,...,M} C Sp_1 Withd(S,,_1,Gr) < e. If
Ch, Dy andCyy, Dy are defined according to PropositilO re@.ll, then

|de(C, D) — du(Cn, Dar)| < 2+ (|IC| + || D|) - =
If additionallye < %, then

|dis(C, D) — dua (Cars Dar)| < 3+ (IC] + [ DIy -e.
|di(C,D) = max_ [5"(n*,C) =" (0", D)|| <5- (IC]| + D)) -=.

Proof.
uses above Propositigns 610 and p.11 and estimatiansigf,—1 ... as |6* (n*,C) — 6*(n*, D)| by du (Cnr, Dir)
O
Algorithm 6.13 (for iterated trapezoidal rule).
(1) ChooseN € N and seth := tf;,t".
(2) Please natice that the iteration
h .

Qj = Qj—l + E(F(tj—l) +F(t.1)) (.7 =1,... aN)a

QO = {ORn}
resp. slightly more efficient

Qj = Qj_1-|—hF(tj) (j:]_,...,N—l), (26)

h
Qo := 5 (F(to) + F(t5)) (27)
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produces (se€) n := Qn_1 in the second case)
h N-—1
Qn =73 Y (F(t)+F(tj11)) = Qn(F).
7=0

Choose one of the following alternatives of the algorithms:

Algorithm 6.13 (for iterated trapezoidal rule based on convex hull).
(3a) realization with convex hull algorithm (cf. Remark 3.11)
Assume the knowledge of the vertices of the polyfogtg ), i.e.

F(t;) =co{pjulpn=1,...,m;}

withm; € N, p;,, € R*foru=1,...,m;andj =0,...,N.
Set

h
So 1= {5(po,u+pN,u)|H= 1,...,mo, v =1,...,mn},
Qo := co(Sp).

Use a convex hull algorithm to drop elemefgt(Spo,“ + p~,.) Which are inint Qo so that forj = 0:

Qj=co{gjr|r=1,...,k;} (28)
Algorithm 6.13 (for iterated trapezoidal rule based on convex hull).
Now, iterate forj = 1,...,IN — 1 and set

Sj = {qj—1,7'+h‘pj,lt|”’ = 1,...,mj, T = 1,...,kj_1},
Qj := co(S;).

Use again a convex hull algorithm to drop elemeffs 1 . + hp;,,, Which are inint Q) ; to get the representation

8).

Then,Qn—1 coincides withQ n (F).

disadvantagenumber of vertices could explode

Algorithm 6.13 (for iterated trapezoidal rule based on affine inequalities).
(3b) realization with affine inequalities
Assume the knowledge of the half-spaces of the polyhedr&l(gg), i.e.

F(tg)z{iL'ERn|AJQZSbJ}

withm; € N, € R™ andA; € R™i*™ for j = 0,...,N.
Set

h
So:={2€R™|z= 5(QEJF%), Aoz < b°, Anz < bV}

2

Insertx = =

z — x in second inequality and set
A= (Ao | 0 5. (L 70— (%
0= —An EAN P =y ) T = 2z )’
mg = mo—l—mN, ﬁg = 2n.

Algorithm 6.13 (trapezoidal rule based on affine inequalities, continued)With the projectionP, : R? S R™
with P, (z°) = z, we set

Qo = {P.(3°) | Apz® < B°, 7° € R™} (29)
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Use an algorithm to simplify the representationSp and drop redundant inequalities iQ,.
Now, iterate forj = 1,...,N —1 and set

S;:={z€R"|z=P. (& )+ ha, A; & 1<t 4,7 <b}.

Insertz = +z — P,(z7~1) in second inequality and set

h
A= J , b= , x = ,
o= (e g ;

mj:i=mj_1+mj, NGj:=nj_1+n.

Algorithm 6.13 (trapezoidal rule based on affine inequalities, continued)With the projectionP, : RY R™
with P, (z7) = z, we set

Q; :={P.(&")| A;3 <V, & € R} (30)
Hereby,
A; e R™ %%, b e R™,
Use again an algorithm to simplify the representation@} and drop redundant inequalities to simplify the

representatior{30).
Then,Qn—1 coincides withQ n (F).

disadvantagenumber of inequalities could explode

Algorithm 6.13 (for iterated trapezoidal rule based on support functions).

(3c) realization with support functions

ChooseGpr = {n*|p=1,...,M} C S,,—1 withd(S,,—1,Gn) < e. Assume the knowledge of the support
functions ofF'(t;), j = 0,..., N, in the directions*, u = 1,..., M.

Foru=1,...,M set

h
db = 5(5*(17“,1?(150)) +*(n",F(tr))) €R
and calculate iteratively foj = 1,..., N — 1:
d = di, + hé* (n, F(ty)) € R

Algorithm 6.14 (trapezoidal rule, based on support functions). Set

QN-1:= ﬂ {z eR"[(n*,z) <di_1}
p=1,...,M

which approximate€) v (F') within O(e), if e < 1 (cf. Propositior) 6.10).
If F(t) = A(t)U, then the support function df (¢;) could be calculated only by the knowledge of the support
function ofU (cf. Propositiorf 3.116).

disadvantagenumber of directions should be adapted to convergence order, i.e., if
tf
dH(/F(t)dt,QN(F)) — O(h?),
to

then chooséVI € N and hence = hP so that

du(Qn(F), Q. (F)) = O(e) = O(hP),
ty
du( [ F()dt, Qnna (F)) = O(h?).

Hereby,Qn,rs (F) is the selCy for C := Qn (F') from Propositior} 6.10 constructed by directions only from
G
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Algorithm 6.14 (for iterated trapezoidal rule based on supporting points).

(3d) realization with supporting points

ChooseGyr = {n*|p=1,...,M} C Sp,—1 Withd(Sn—1,90) < . Assume the knowledge of some sup-
porting point ofF'(t;), 5 = 0,..., N, in the directionsy*, p =1, ..., M.

Forp=1,...,M set

h
Yo := 5 (0", F(to)) +y(n*, F(ts))) € R™
and calculate iteratively foj = 1,...,N — 1:

y; ==yl +hy(n",F(t;)) €R™
Algorithm 6.15 (trapezoidal rule based on supporting points, continued).Set

Qn_1:= Co{yl‘(f—lll‘: 13"°7M}

which approximate) n (F') within O(e) (cf. Propositior 6.1]1).
If F(t) = A(t)U, then a supporting point af'(¢;) could be calculated only by the knowledge of a supporting

point of U (cf. Propositior] 3.128).

disadvantagenumber of directions should be adapted to convergence order, i.e., if
tf
dH(/F(t)dt,QN(F)) — O(h?),
to

then chooséV € N and hence = hP so that

dr(Qn (F), Q. (F) = O(e) = O(h),
ty
du( [ F(®)dt, Q. (F)) = O(h?).

Hereby,Qn,ar (F) is the setCy; for C := Qn (F) from Propositiol constructed by directions only from
G-

Algorithm 6.15 (for iterated trapezoidal rule based on other ideas).

(3e) other ideas

Choose anything else to represent sets and to calculate the Minkowski sum and the scalar multiplication in equa-
tions )2 7).

Very popular are ellipsoidal methods, where the Minkowski sum of two ellipsoids are numerically approximated
by another (inner/outer) ellipsoid. If all ellipsoids {26)-(27) are described with a center and a positive (semi-
)definite matrix, an ordinary differential equation could be derived yielding a final ellipsoidal approximation of
QN (F).

cf. [Sch68] and the references in the bodks [ChHe94, KV97]

Citations:

for theoretical results on quadrature methods:
[Pol75,Pol83, Bal82, Vel89a, DFB0, DV93, BL94b, B&io5]

for numerical implementations of quadrature methods:
[BL94b,[KK94,[BL94a| Bai95, Che94, KV97]

Example6.16 Calculatefttof F(t)dt with F(t) = tPU C R? and

U— {[—1,1]2, o

cof (215 (Z1)» (D5 (7}
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with iterated trapezoidal rule am¥ = 10000 subintervals.
t
p=0, [tO,tf] = [07 1] = ftof F(t)dt=U
Please notice that", dt = 1!
t
p =3, [to,ts] = [-1,1] = [, F(t)dt = (U + (-U)) # {0z }
Please notice that", t3dt = 0!
t
p=4,[to,ts] = [-1,1] = [, ] F(t)dt = 2U
Please notice that' , t*dt = 2!

Aumann’s Integral
L tUdt, U = [—1,1]?

0.5

0.4 ~

0.3 4

0.2 q

o1t 1 Aumann’s integral
T2 ol { isscaled sef -U

[t Udt, U = [—1,1)2

0.5 4
0.41- B
0.3 4
02t | Aumann’s integral
01l 1 isnot{Og~},
T2 of | butis the
o1 - scaledset -U,
-o2r 1 sinceU = —-U
o 1 is symmetric
-0.41 4
-0.5F B
05 04 08 02 01 0 o1 02 03 04 05
L1

Aumann’s Integral
JL,#'Udt U = co{(Z}), (24), (3)- (%)}
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Aumann’s integral
T o | isscaledsef -U

Ak B

JL#Udt U = co{(23), (21), (2): (7))}

15

osf | Aumann’s integral
is not{Og~ },
T2 of 1 butisthe
set1 (U + (=U))
B 1 and has 6 vertices

(U is not symmetric)

15 L L L L L
-15 -1 -0.5 0 0.5 1 15

Example.17. Calculatef F(t)dt with F(t) = A(t)U and

t 0
A@)Z(% t2—|—1)’ U = B1(0) CR?

The support function is smooth uniformly ipe Sy, sinced*(n, F(t)) = || A(t) "n||2 and A(¢) is smooth and
invertible.

Iterated Quadrature Methods

Iterated Staircase Sum
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4 +
2 L
/
T2 0 ||
\\
\\
2t A\
4t
-6 L
-8 -6

Rule
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each time

the step-sizéalfens

h = 2 (biggest set)],
,0.25,

(smallest set)

convergence order
Hausdorff distance

to biggest set
approx. multiplied by
each time

the step-sizéalfens

Example6.17 (continued).reference set: set-valued Romberg’s method at tableau €yl 0) with accuracy

O(h22), hio = 525

Hausdorff distanc estimated
N to the reference sjtorder of convergence
1 4.389056 —_—
2 2.670774 0.716653
4 1.464710 0.866643
8 0.765390 0.936348
20 0.314129 0.971941
200 0.031892 0.993426
2000 0.003194 0.999348
20000 0.000319 0.999935

Table 3: order of convergence for the iterated staircase sum

Example6.17 (continued). A method with high order of convergence (iter. Simpson’s rule W@th*)) is more
efficient than one with lower order (here: iter. trapezoidal rule \@{h?) and iter. staircase sum witQ (h)).
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Hausdorff distanc
to the reference s

estimated

torder of convergence

Wk N~

20
200
2000
20000

2.00000000000
0.52375377899
0.13255401055
0.03324172250
0.00532332626
0.00005324205
0.00000053242
0.00000000532

1.93303935
1.98230843
1.99551328
1.99904613
1.99992835
1.99999928
2.00000089

Table 4: order of convergence for the iterated trapezoidal rule

Hausdorff distance estimated
N to the reference set | order of convergence
2 1 0.0316717053249596 _—
41 0.0021577697845663 3.87558
81 0.0001401261042595 3.94474
20 | 0.0000036242154211 3.98880
200 | 0.0000000003630625 3.99923
2000 | 0.0000000000000462 3.89548
20000 | 0.0000000000000222 0.31806

Table 5: order of convergence for the iterated Simpson’s rule

iterated iterated
prescribed staircase sum trapezoidal rule
accuracy N | factor in CPU-time N | factor in CPU-time
<1.0 7 2.0 2 1.5
<0.1 64 5.0 5 2.0
<0.01 639 37.0 15 4.0
< 0.001 6389 176.0 146 8.5
< 0.0001 | 63891 1752.25 | 1460 78.5

Table 6: comparison of CPU-times of the 3 methods

iterated iterated

prescribed trapezoidal rule Simpson’s rule

accuracy N | factor in CPU-time| N | factor in CPU-time

<1.0 2 1.5 2 1.0

<0.1 5 2.0 2 1.0

<0.01 15 4.0 4 1.0

< 0.001 146 8.5 6 1.0

< 0.0001 | 1460 78.5 10 1.0

Table 7: comparison of CPU-times of the 3 methods
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6.2 Appropriate Smoothness of Set-Valued Mappings
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Example6.18 (very similar to [Vel92, Example (2.8)])Let Z = [0,1] and F : T = R? with F(t) = A(t)U
with A(¢) = ('7%), U = [-1,1].
Although A(-) is very smooth, the set-valued integration problem is not very smooth, since
6*(773F(t)) = 6*(A(t)T"73 [_13 1]) = 6*(771(1 - t) + n2, [_13 1])
= [m (1 —1) +n2

which is not even in & for somen € Sy,—1.
But still this function could be estimated via an averaged modulus of smoothness o2 ¢etldExamplg 6.28(iv)).

Iterated Trapezoidal Rule

Iterated Trapezoidal Rule, N = 1, Scaled Set

0.8 q

0.6 4

0.4 ~

0.2 q

I I I I I I I I I I I
-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

1

Iterated Trapezoidal Rule, N = 2

0.8F i
0.6 4

0.4 4

0.21 4

L2 ot B
-0.21- 4
-0.41 4

-0.6 T

I I I I I I I I I I I
-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

L1

Reference Set: Iterated Trapezoidal Rule/N = 100000
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0.8

0.6

0.4

Iterated Simpson’s Rule

Iterated Simpson’s Rule,N = 2

0.81-

0.6

0.4

0.2

Iterated Simpson’s Rule,N = 4
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Example6.18(continued).reference set: iterated trapezoidal rule wkh= 100000

Hausdorff distanc estimated

N | to the reference sjtorder of convergence
1 0.22542277 _—
2 0.06049223 1.89781
4 0.01550004 1.96448
8 0.00389837 1.99133
16 0.00097605 1.99784
32 0.00022931 2.08964
64 0.00005804 1.98227
128 0.00001458 1.99313

Table 8: order of convergence for the iterated trapezoidal rule

Hausdorff distanc estimated

N | to the reference sjtorder of convergence
2 0.06867323 _—
4 0.01804166 1.92842
8 0.00494920 1.86606
16 0.00126520 1.96783
32 0.00031805 1.99204
64 0.00006428 2.30686
128 0.00001629 1.98020
256 0.00000210 2.95502

Table 9: order of convergence for the iterated Simpson’s rule

Example6.18(continued). If we compare the results of the iterated trapezoidal rule and the Simpson’s rule, we
see that both methods show order of convergence 2. This could be expected for the trapezoidal rule, but the
Simpson’s rule suffers an order-breakdown from 4 to 2, since the support function is not smooth enough to allow
order greater than 2.

Definition 6.19 (Sendov/Popov in[[SP88])Let T = [to,tf] and f : T — R be bounded. Then, thiecal
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modulus of smoothness of ordeic N is defined as

ko ko
wr(f3x,0) := sup{|A§f(t)| : t,t+kh € [az—2,w—+—2]ﬂI},

whereé € [0, tf;t"] andA¥k f(t) is thek-th differenceof f(-) with step-sizeh at the pointt € Z, i.e.

k .
ARF(D) = 3 (~D)*F (’?)f(twh).
1=0 1

Definition 6.20 (Sendov/Popov in[SP88])The averaged modulus of smoothness of oklek € N, of a mea-
surable and bounded functigh: Z — R, Z = [to, ts], is defined as

7e(£36)p = llwi(F35-30) |, (z)

whered € [0, tf;to] andp € [1,00]. We use the abbreviation, (f;9) for 7, (f;9)1.

Lemma 6.21. LetT = [to,tf], k €N, § € [0, tf;to] and f : T — R be measurable and bounded. Then,

) Te(f30) <287 lri(f;K0),

v

k k
(i)  T(f30) < 175”-71._,,(3“(”);]{:76) (if ™) exists,
v— — v

jgo(k —J)
is bounded and measurable and ve{0,...,k—1}),
(ii)) 7 (f3m0)p < (20)* 7 (£30)p (forall n € N),
(iv) T1(f3m0)p < nTi(f30)p (forall n € N)
Proof. see[[SP88, (1)—(5),(5")] O

Lemma 6.22. LetZ = [to,tf], k €N, § € [0, tf;to] and f : T — R be measurable and bounded. Then:

() If £(-) is Riemann-integrable, then for al> 0 there existdy > 0 such that for all0 < § < dp
T1(f;0)p < €.

(i) If £(-) has bounded variation, then
te

T1(f30)p < 0.\ £().

(i) If £(-) is absolutely continuous anff (-) € L,(Z), then for alle > 0 there existdo > 0 such that for all
0<d6<do
T2(f;0)p < 16€0.

Lemma 6.22 (continued).
(iv) If £(-) is absolutely continuoug’(-) has bounded {-variation, then
’/
Tg(f;ﬁ)p§252 \/ f().
L1([to,t])
Hereby, the L-variation is the infimum over all variations ofiLrepresentatives of ' (-).

(v) For a partition (¢;);=o,...,n—1 0f Z one has
N-—-1

Z Tk(f|[ti,t,-+1];6) S Tk(.f;(s)'

=0
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Proof. (i) see [SP88, Theorem 1.2], for (ii) see [SP88, 1.3. (7)]

(iii) see [SP88, (1.28)] and [Bai95, 0.2.15 Satz (jii)]

(iv) see Lemm@ 6.21 and [Baib5, 0.2.15 Satz (iv)]

(v) seel[[Bai9b, 0.2.14 Hilfssatz] O

Lemma 6.23. LetZ = [to,tf]and f : T — R.

7 (f36) =o(1), if £() is continuous
T1(f;8) = ©(d), if £(-) Lipschitz orf € C*,
o (f38) =o0(5), if f(-) € Ch,
2 (f30) = O(6%), if f(-) €C?

Proof (based on Lemnja 6]22).

If £(-) is continuous, therf () is Riemann-integrable.
If £(-) € C!, then f(-) is Lipschitz (with constanf, = max,¢cz |f’(x)|) and hence has bounded variation

V £(-) < L- (t5 —to). Thenm (£38) < L.

If £(-) € C!, thenf(-) is absolutely continuous ang (f;8) = o(d).
If £(-) € C?, thenf(-) is absolutely continuous an#f (-) has bounded variation so thaf(f;§) = ©(62). O

We will discuss on one example the advantage of the averaged modulus of smoothness and the difference to
classical Taylor expansion for the error representation resp. estimation.

Example6.24 LetZ = [to,ty] and f : T — R be measurable and bounded. ConsiQe¢(f) the (iterated)
special Riemannian sum. Then,

| [ £(®)dt—Qn($)] < Tu(f32h).
z

If £(-) € C, then

ty —to

| [ £dt—Qu(HI < L7 b max| £/ ()].
z

Proof. Q(f) = (ty —to) f(to) is the special Riemannian sum.
Let us prove first the estimation foW = 1,h =ty — to.

ty ty
R < [150) - F(to)lde = [ 1AL, f(to)dt

tf
S /Sup{|A,11f(t0)| : to,to-l-h S [to,tf]}dt
to

by b4t b
= [or(5s =ty —to)dt < [wn(F5,2(t —to))dt
to t

(o]

= 71(f32(t5 —to)),

(cf. Definition[6.19)

For the iterated formula

4 N-1
Ry (f)= [ f®)dt—h 3 f(t))
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. _tf—to .
with h = ~ IV eEN:

J

N— J+1 tita
Rn(£)] =| ( | rwdt—ns >)|< 3 | / F(Vdt =R (t;)
N—-1 N-—-1 K

= > R(filtj i) < 3 Tl(f’[tj’tj+1];2h)STl(f;zh)

7=0 7=0

For Q(f) one estimates via Taylor expansion:

tr ty
RIS [15) — Fto)ldt = [1(t—to)- £'(€)ldt

tr ty
= [(t=to)-1£'(€)Idt < max|f'(@)| - [ (¢t~ to)dt
to to

tr—tg)?
= W2 (@)

For the iterated quadrature formula:

tj41 _1
|Rn(f)] < z | / F(t)ydt —hf(t; )\— R ta))
N-—1 h;
<5 o @)<Y -h-lggglf’(w)l-

i=o 2 f’“’e[ta vta+1]
O
Remark 6.25. The estimation with the averaged modulus of smoothness is slightly worgé jog C*, since

T1(f32h) < 2h-glg§<|f’(w)|-

But the Taylor expansion demands before the proof @} is continuously differentiable. Such proofs do not

help, if this assumption is not fulfilled.

Estimation via the averaged modulus of smoothness doesn’'t make smoothness assumptions in advance. Hence,
one could use them evenfi{-) is Riemann-integrable or has bounded variation.

Proposition 6.26. LetZ = [tq,t¢] and F' : T = R™ measurable and integrably bounded with imagekiR™).

Then,
N-—-1

dH(I/F(t)dt,h JZO OF(t) < sup mi(3(LF();2h)

Proposition 6.27. LetZ = [to,tz] and f : Z — R be measurable and bounded. L@{f) be a quadrature
method of ordek € Ny, i.e. it is exact for polynomials up to degrke
Then, the iterated quadrature method fulfills:

N—-1 m
| / FOdt—h Y 5 buf(t+euh)
j=0 p=1
< 2
1+ lebul) Wiy Tk+1(fak+1h)a
whereh = tf;,to , N € N and W1 is the Whitney constant (which is always less or equal 1,/see [SP88, 2.1.1,
p. 21-23]).
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Proof. see[SP88, Theorem 2.4] O
Example6.28 LetZ = [to,tf], A: Z — R™*™, U € C(R™) andF : T = R™ with F(t) = A(t)U. Then,
() If A(-) is Riemann-integrable, thefi(-) is Riemann-integrable.
(i) If A(-) has bounded variation, thdn(-) has bounded variation.
(iii) If A(.) is absolutely continuous, the¥f (n, F'(+)) is absolutely continuous uniform ine S,,_;.

(iv) If A(-)is absolutely continuous with akrepresentative ofd’(-) with bounded variation, thed* (1, F'(-))
is absolutely continuous and suitablg-tepresentatives of its derivative have bounded variation uniform in
leSn_1.

Proof. seel[Bai95, 1.6.13 Satz] and references therein O

Now, some explicit support functions are listed which &rémes continuously differentiable uniformly in
ne Sn—l-

Proposition 6.29. Let T = [to,t¢] and F : Z = R™ with images inC(R™). Then, the support functions
0*(n, F(-)) are in C* with k-th derivative uniform continuous in € S,,_1, in one of the following cases:

(i) F(t) = B,@),p(m(t)) Euclidean ball with radiug-(t) > 0 and midpointm(t) € R™ for t € Z and
r(-),m(-) € C*

(i) like (i), only for ball w.r.t.|| - || p, p € [1,00], instead ofl| - ||

(i) F(¢t) = ﬁ [ai(t),b;(t)] Cartesian product of intervals with; (t) < b;(¢t) int € Z anda;(-),bi(-) €
Ck i=1

(iv) F(t) = r(t)U scalar multiple of fixed set with(t) > 0 fort € Z, r(-) € C*

(v) F(t) = A(t)B1(0) + b(t) affine transformation of the Euclidean unit ball with(t) € R™*"™, b(t) €
R™ andrang A(t) = mfort € Z and A(-),b(-) € C*
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6.3 Reachable Sets/Differential Inclusions
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Basic Ideas for the Approximation of Reachable Sets

e linear differential inclusions (LDIs) and linear control problems are “equivalent”

e reachable sets of LDIs are special Aumann integrals involving the fundamental solution of the homogeneous

matrix differential equation (DE)

e an optimality criterion in linear optimal control problems is easily obtained via previous results

e set-valued quadrature methods could be used to approximate reachable sets, if the fundamental solution is

known

Basic Ideas for the Approximation of Reachable Sets (continued)

¢ set-valued combination methods allow to approximate missing values of the fundamental solution by (point-

wise) DE solver

e convergence ordep is preserved, if the DE Solver and the set-valued quadrature method have this order

and the problem is “smooth” enough
e proof uses global or local disturbances of set-valued quadrature methods

e set-valued Runge-Kutta methods could be defined by fixing a selection strategy

e the convergence order depends on a suitable selection strategy (and on the underlying set-valued quadrature

method);
break-downs in the convergence order are due to the missing second distributive law

Problem 6.31 (linear control problem). Z = [tg,tf], A: Z — R®*™andB : T — R™*™ with A(-), B(:) €
L1, Xo C R™ nonempty set of starting poin®, C R™ nonempty set of controls.

Given: control functiors : T — R™ with u(-) € Ly (Z,R™)

Find: corresponding solutior:(+) (absolutely continuous) of the linear control problem (LCP) with

' (t) = A[t)z(t) + B(t)u(t) (ae.tel), (31a)
(B(to) =g € X(], (31b)
u(t) eU (a.e.t €1). (31c)

Remark 6.32. automatically:u(-) € Lo (Z,R™) for U € K(R™)
If A(:) € Loo, B(+) € Lo,
thenz(-) € W1 (Z,R™), sincez’ (t) = A(t)z(t) + B(t)u(t).

In the following, we will deal with linear differential inclusion (cf. Probl¢m1.3 for the general, non-linear
setting).

Problem 6.33 (linear differential inclusion). Z, A(-), B(+), Xo, U as in Problenj 6.31.
x(-) : T — R™ is solution of the linear differential inclusion (LDI),
if z(-) is absolutely continuous and

2 (t) € A(t)(t) + B(t)U, (32)
z(to) € Xo (33)

for almost allt € 7.

Definition 6.34. linear control problem (LCP) in Problem 6]31¢ Z. Then,

R(t,to,x0) := {y € R™|Ju(-) control function andz(-) corresponding
solution of Problerfi 6.31 witk(t) = y}

is called thereachable set at timé of the corresponding control problem.
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Remark 6.35. If we skip the control functiom(-) in Definition[6.34 and replace Problgm 6|31 by Problem .33,
then we could define the reachable set for differential inclusions (cf. R¢mark 1.4 for the general, non-linear case).

Remark 6.36. Sometines, the term attainable set is used instead of reachable set. Especially, to distinguish
points which could be attained in forward time (i.>> to) starting fromxq from points which reack at time

t (attainable set in backward time, i.e. time reversal).

Since we do not consider time reversal from now on, we still use the term reachable set which is more commonly
used in the literature.

Proposition 6.37 (equivalence of (LCP) and (LDI)).Z, A(-), B(-), Xo, U as in Problenf 6.31.
If (-) is a solution to a given control functiom(-) of (LCP) in Problenf 6.31, thea(-) is a solution of (LDI) in

Problenm6.3B.
If z(-) is a solution of (LDI) in Problerh 6.33, then there exists a selecti¢r) of U by [BE87a, Theorem 27]
such that

' (t) — A@t)z(t) = B(t)u(-) € B(t)U

and (z(-),u(-)) is a solution of (LCP) in Problefn 6.31.
Clearly, the reachable set for both problems coincide (cf. Refnark 6.35).

Proposition 6.38. The reachable set of Probldm 6|31/ or §.33 at tire Z equals

ty
Rt 5,0, Xo) = 'I'(tf,to)Xo—|—/<I>(tf,t)B(t)Udt,
to

where®(t, ) € R™*" is the fundamental solution of the homogeneous matrix system, i.e.

d
a@(t,T) =A@)®(t,7) (ae.intel),
&(r,7) =1, wherel,, is then x n-identity matrix
Therefore;R (t¢,t0, Xo0) € C(R"), if Xo € C(R™) andU € K(R™).

Proof. cf. e.g. [Sv65, Theorem 1]. A direct proof would use Theofem]4.44 and Propoditiorj§ 3.86, 3.88 and
6.31. O

Remark 6.39. From Theoreri 4.44 and Propositipn 638 follows an existence result for solutions of linear differ-
ential inclusions:
If

U # 0, U is closed andB(t)U is closed fora.et €

B(+) is measurable an@ (-)U is integrably bounded
or B(-) is Lebesgue-integrable arld is bounded

A(-) is Lebesgue-integrable

« Xo#£0

then the reachable set is nonempty (the integral part 8(R™)) and hence, solutions exist.

classical assumptiorso that the reachable set is ®(R™):
U € K(R™), A(+), B(-) are Lebesgue-integrabl&X, € C(R™)

Problem 6.40 (linear optimal control problem). Z = [to,tf],n € R™, A: Z — R"*™andB : Z — R"*™
with A(+), B(:) € L1(Z), Xo C R™ nonempty set of starting poin®, C R™ nonempty set of controls.
Find: optimal control functioriz : Z — R™ with %(-) € L;1(Z,R™) and corresponding optimal solutiae(-)
(absolutely continuous) of the linear optimal control problem (LOCP) with

min (n,z(ty)) (34a)
s.t. ' (t) = A(t)z(t) + B(t)u(t) (ae.tel), (34b)
x(to) = o € Xo, (34c)

u(t) eU (a.et €T). (34d)
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Proposition 6.41. Consider the linear optimal control problem (LOCP) in Problem §.40.
Then, the optimal value of (LOCP) equal®* (—n, R(ts,t0, X0))-
If u(-) satisfies

(B(t) T @(tg,t) T (—m),u(t)) = 6*(B(t) T @(ts,t) " (—n),U)
for a.e.t € T andz, satisfies
<(I)(tfat0)-r(_"7)a§7\0> = 5*((1)(tf7t0)T(_77)7X0)7

then the corresponding solution

(1) := (¢, t0)To +/<I’(tf,t)B(t)ﬁ(t)dt

to

is a minimizer of (LOCP).
Sketch of proofThis essentially follows from

ty

(=m,2(t5)) = 6*(—77a‘1>(tf,t0)X0)+/5*(—7%‘I’(tf’t)B(t)ﬁ(t))dt
to
=0(—n,R(ts,t0,Xo0))

and Propositiof 4.45. O

Remark 6.42. Under the assumptions of Propositjon §.41 we have

u(t) e Y(B(t) ®(ts,t) " (—n),U) COU (aeteI),
Z(ty) € Y(—n,R(ts,to, Xo0)) C OR(ts,t0, Xo),

i.e. is a supporting point of the reachable set at titpen direction —.

Set-valued quadrature methods could approximate the reachable settgt, tiftiee values of the fundamental
solution are known.

Proposition 6.43. Z = [to,ty], Q(+;[0,1]) be a quadrature formula with nonnegative weighfs nodesc,, €
[0,1], o = 1,...,m, and remainder ternR(-;Z). Then, the set-valued quadrature method fulfills:

du(R(ts,t0, Xo), @(ts,t0) Xo + Q(2(t5,) B()U; 1))
= sup |R(l,®(ty,")B(-)U)|

nESn_1

Herebyt, = to+cu(ty —to), p =1,...,m,and
Q(2(ts,)B(-)UT) = Z bu®(ts,t,)B(ty)col.
pn=1

Proof. cf. [DF90,[BL94b] O
Remark 6.44. Using thesemi-group propertof the fundamental solution, i.e.
P(t,7) = P(t,8) - P(s,7) (tyTys € T), (35)
we could show the semi-group property of the reachable set
R(t,7,X0) = R(t,s,R(s,7,X0)) (t,7,s €T withT <s<t) (36)

with Propositior{ 6.3B.

162



Proposition 6.45 (iterated quadrature method). Assumptions as in Propositipn 6]43. If the quadrature method
has orderp € N and 6*(n, ®(ts,-)B(-)U) has absolutely continuoug — 1)-st derivative and if the-th
derivative is of bounded variation uniformly w.it.€ S,,_1, then the iterated quadrature meth®i (t 5, to, &(ts, ) B(-)U))
with partition (¢;) j—o,...,~ and step-sizé fulfills
dH(R(tf’thO)aRN(tf’tO’ <I’(tf? )B()U))

< sup [Rn(L,®(ts,") B(-)U)| = O(RPTY).
nESp_1

If the quadrature method has ordpr= 0, then we assume théi(t¢,-) B(-)U has bounded variation to get

dH(R(tfath XO)aRN(tfath "I)(tfa )B()U))

Snesgp |Rn (I, @(t5,+) B(-)U)| = O(h).

Proposition 6.45 (continued). Hereby,
N—1 m

Qn(®(ts,)B(-)U)=h Z Zle{)(tf,tj+cuh)B(tj—|-cuh)coU

and

R (ty,to, ®(ty,-)B()U) := @(ts,t0) X0+ Qn(®(ts,-)B(-)U)
denotes the set-valued iterated quadrature method for the approximation of reachable sets.

Proof. follows from Propositiofi 6.43, Remarks 644 and 6.47 wWithj (35) O

Using the semi-group property (35) of the fundamental solution we could rewrite the iterated quadrature
method iteratively.

Algorithm 6.46. set-valued quadrature method in iterative form:

N1 =®(t41,t)Q) + QN (®(tj11,°) B()U; [t5,t41]),
Qév = Xo

Then,

QN = ®(ts,t0) Xo + Qn (2(ts, ) B()U)

This permits later in combination methods to allow (local) disturbances in the iteration above and motivate
these methods.

The following remark shows the similarity of the calculation of the reachable set by iterated quadrature meth-
ods.

Remark 6.47.

ti+1
reachable RN, = @(tj+1.t)RY + t.[ ®(t;+1,t)B(t)Udt,
set RY =Xo ’
= ’R«% :R(tf,to,Xg).

quadrature { Ny =®(t11,t)QY + QN (®(tj11,)B()U; [ty tj41]),

N _
method Qq = Xo

= Qn = ®(ts,t0)Xo + Qn(2(ts,")B(-)U)

Reason:semi-group property of fundamental solution and reachable sgts]in (35) @and (36) O
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Example6.48 set-valued staircase sum/special Riemannian suth fer[to,t]:

N—1
Q(F;T) = (ty —to)F(to), QnN(F;I)=h z F(t;),
7=0
N-1

Qn(®(ty, ) B(YUI) =h 3 ®(ts,t;)B(t;)U
j=0

in iterative form:
N1 =@ (L1, t)QY +h®(tj11,t) B(t;)U,
QY = Xo

Example6.49 set-valued trapezoidal rule

ty—1t
QFT) ==

h,N_l
QN(F;I)=§ Y (F(t;) +F(tjta),

j=0

N-1

Qn(@(t1, ) BOUST) = & 5 (@(t5,6)B)U +®(t,512) B(tj2))

i=0

F(tU) +F(tf))7

in iterative form:

h
i = 2t t)QF + 5 (2(i1+1,8) B(8)U + 2 (41, ti4+1) B(tj+1)U),
—_——

=l
Qf)v = Xo
Example6.50 Consider the differential inclusion
z'(t) € A(t)x(t) + B(t)U fora.e.t € [0,1],

x(0) € Xo
with the data
A=y o) BO=(3).
U=[-1,1], Xo={0z}.

Example6.50(continued). Calculations show that the fundamental solution is

B(t,7) = ((1) t_lT).

From Propositiofi 6.38 follows the equation
1 1
R(1,0,Xo) = <I>(1,0){0Rn}+/<I>(1,t)B(t)Udt - /ﬁ(t)[—l,l]dt
0 0

with

A(t) = ®(1,¢)B(t) = (1 " t) .
This coincides with the Aumann integral of Example .18.
Remark 6.51. problems with quadrature methods:

¢ no generalization for nonlinear differential inclusions possible

e values of fundamental solutiods(t;1,t; + ¢, h) resp.®(ts,t; + ¢, h) must be known in advance

The second disadvantage could be solved by considering set-valued combination methods, the first disadvantage
could be improved (at least to some extent) by the use of set-valued Runge-Kutta methods.

164



6.4 Set-Valued Combination Methods
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Set-valued combination methods combine set-valued quadrature methods and differential equation solver to
skip the demand for theoretical knowledge of the fundamental solution.

Proposition 6.52 (global disturbances).Z = [to,ts], Q(-) be a quadrature formula with nonnegative weights
b,, nodesc, € [0,1], p = 1,...,m. LetQ(-;Z) have orderp € No with remainder termR(-;Z) and
®,(ts,t,) € R™™ witht, = to+cu(ty —to), p =1,...,m, and®(ts,te) € R™*™ be given. Assume
for the error term and disturbances

sup |R(l,®(ts,")B()U)| < R,
nESn_1

1@ (ts,t0) — (s, t0)|| < Ra,

max (|8, (tr,t) — B(tr,t)l| < R,

Proposition 6.52 (continued). Then, the set-valued combination metrﬁ)dtf,tg,XO) fulfills:

dH(R(tfvtmXO)aIN%(tfvtO’XO))
SRy + || Xoll - Rz + U] - QUIB()II) - Rs
Hereby,

Q(2(ts,)B(-)col) = 3 b,®,(ts,t,)B(t,) coU
p=1
is the disturbed set-valued quadrature method and
R(tg,to, Xo) := ®(ts,t0) Xo+ Q(®(ts,-)B(-)col)
denotes the set-valued combination method.

Proof. cf. [BL94b, Bai9%] O

Proposition 6.53 (iterated quadrature method, global disturbances)Assumptions as in Propositi¢n 6]52. If
the quadrature method has ordpre N we assume thai*(n, ®(tz,-)B(-) coU) has absolutely continuous
(p — 1)-st derivative and that thp-th derivative is of bounded variation uniformly w.it.€ S,,_1.
If the quadrature method has ordpr= 0, then we assume thdt(t¢,-) B(-) coU has bounded variation. Then,
in both cases
sup |R(L,®(ts,")B(-)col)| < CrhPH1.
nESnp_1

Consider a partition(t;) j—o,...,n With step-sizé.
Proposition 6.53 (continued).Furthermore, we assume the following estimations of the disturbéinsg,s(tf, ti+
cph) ER™*™ j=0,...,N—1,p=1,...,m,and®n(t,to) € R**™:

1B (t55t0) — B(t5,t0)|| < C2hPHY,

P sy ||$N,u(tf’tj +cuh) — ®(tf,t; +cuh)|| < CshP,
pu=1,.,m

Qn(IB()I) < Cy
Proposition 6.53 (continued). Then, the iterated combination methﬁ:iN(tf,to,Xo) for this partition fulfills

dH(R(tfvthXO)vﬁN(tfathO))
<(C1+C3 || Xol| +Cs - Cy - |U||)hP T = O(WPTT).
Hereby,

_ _ N—-1 m .
Qn(®N(ts,)B(-)coU) =h z z bu®nN,u(ty,t; +cuh)B(t; + cuh) coU
j=0 p=1
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and

R (ts,to, Xo) := ®n(ts,to)Xo+QnN(Pn(ts,-)B(:)col)
denotes the set-valued iterated combination method.
Proof. cf. [BL94h, Bai9%] O

Proposition 6.54 (iterated quadrature method, local disturbances).Assumptions as in Propositi¢n 6]52. If
the quadrature method has ordpre N we assume thai*(n, ®(tz,-)B(-) coU) has absolutely continuous
(p — 1)-st derivative and that thp-th derivative is of bounded variation uniformly w.it.€ S, 1.

If the quadrature method has ordpr= 0, then we assume thdt(t¢,-) B(-) coU has bounded variation. Then,

in both cases
sup |R(l,®(ts,-)B(-)colU)| < C1hPTL.
nESp_1

Consider a partition(t;) j—o,...,~ With step-sizé.

Proposition 6.55 (quadrature method, local disturbances; continued)Furthermore, we assume the following
estimations of the local disturbanctsy, . (tj+1,t; +c.h) € C(R"),5=0,...,N—1,p=1,...,m, and
PN (tj41,t5) € R™X™
- max || BN (tjp1,t) — B(tira,ty)|| < CohPT,
7=0,...,.N—1
_max du(Un, . (t; + cph), ®(tjp1,t; +c,h) B(tj + ¢ h) coU) < CghPtl,
Tt m
An([IB()) < Ca
Proposition 6.55 (continued). Then, the iterated combination methadly for this partition defined iteratively
by
~ m ~
X4y =2t t) X +h Y b Unu(tj+euh) (5=0,...,N—1), (37)
p=1
X e c(R™) with du (X0, X) < Csh? = O(hP) (38)
fulfills the global estimate

du(R(ts,t0, X0), X ) = O(hPT1). (39)

Proposition 6.55 (continued). Especially, if approximationéN,H (tg,t; + cph) € R™*™ of the values of the
fundamental solution with

‘AI;N’“(tj_Fl,tj —+ C“h) = ‘i’(tj_i_l,tj + Cph) + O(hp)

forj =0,...,N—1,u=1,...,m, are given, then the estimatiq@9) above also holds for the same indices
with the following setting:

ﬁN,u(tj +cuh) = ‘5N,u(tj+1’tj +cuh)B(t; +cuh) col.
Proof. cf. [BaiO5] O

Example6.56 w.l.o.g.U € C(R™)
combination method:
iter. Riemannian sum/Euler for matrix differ. equation

X'(t) = A@®)X(t) (t€ [tj,tjal),
X(tj) = In
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combination method:
XJ]'\_]‘_:[ = :I;N(tj—i—latj)XJ]'v + h:I;N,l (tj—l—l’tj)B(tj)U’ (J =0,...,N — 1)
DN (tjt1,t5) = BN (t),t5) + hA(L) BN (L).t5),
PN (tjvasts) = P (Eivast)-
Hence,
XN =(n+hA) XY +h(ln+hA(t;)B(t;)U (j =0,...,N —1).
Example6.56 (continued). Other possibility for calculation: Euler for adjoint equation
Y,(t) = _Y(t)A(t) (t € [t07tf])a
Y(ty) =1ln
with given end-value gives

N-—1
XN =@n(tr,t) Xy +h Y naltyt;)B(t;)U,
j=o
@N(tf,tj) = N — j (backward) steps of Euler for adjoint equation,
Dn,1(tsty) = B (tssts)-

Remark 6.57. usual combination of set-valued quadrature method and pointwise DE solver which provides ap-
proximations to the values of the fundamental solution at the quadrature nodes:

set-valued iter. solver for diff. step-size overall
guadrature method equations of DE solver order
Riemannian sum | Euler h O(h)
trapezoidal rule Euler-Cauchy/Heun h O(h?)
midpoint rule modified Euler b O(h?)
Simpson’s rule classical RK(4) é O(h*)
Romberg's method extrapolation of h; = tf;.to o( |l| h?_,)

midpoint rule v=0

(with Euler as

starting procedure)

(under suitable smoothness assumptions)

Example6.58 Consider the differential inclusion

z'(t) € A(t)x(t) + B(t)U fora.e.t € [0,2],
z(0) € Xo

with the data

aw=(5, L), Bo=1,

U=DB;(0)CR?  Xo={0p}.
Example6.58(continued). Calculations show that the fundamental solution is
2e—(t—7) _ —2(t—7) e—(t—7) _ o—2(t—7)
o(t,7) = (_26—(t—r> 42207 _e—(t—m) | 26—2(t—‘r)> :
From Propositiof 6.38 follows the equation

R(2,0,X,) = / B(2,t) B (0)dt.
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The support function
6% (n,#(2,7)B1(0)) = [[9(2,7)*nl|2

is smooth uniformly inp € Sy, sinceA(-) is constant® (2, -) is invertible and arbitrarily smooth.

reference set: set-valued Romberg’s method at tableau €riry 0) with accuracy® (h22), hq1o = 2%0

Set-Valued Combination Method
Iterated Trapezoidal Rule with Heun's method, N =1 and N = 2
15.0

10.0
50 r

worse approximations
200 f | forfirst big step-sizes

S0 | -N=2

-10.0

-15.0 1 1 1 1 1
-1.5 -5.0 -2.5 0.0 2.5 5.0 7.5

Iterated Trapezoidal Rule with Heun’s method, N = 4,8,16,20,200

1.5
1.0 | o
good approximations
0.5 | for smaller step-sizes
200 _N —8
0.5 ¢
) — N = 20,200 and
10} e reference set with
© supporting points
-1.5 : : : : :
-1.5 -0 <05 0.0 0.5 1.0 1.5
1

Example6.58(continued).reference set: set-valued Romberg’s method at tableau €y 0)
Remark 6.59. problems with these combination methods:
e no generalization for nonlinear differential inclusions possible

e values of fundamental solutiods(t;+1,t;), ®(t; + c.h,t;) resp.®(ts,t;), ®(ts,t; + c,h) mustbe
approximated additionally

e approximations fo® (t; + c,h,t;) resp.®(ts,t; + c,h) are calculated too accurately(hP*1) in-
stead ofO (hP))
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N

Hausdorff distanc
to the reference s

estimated

torder of convergence

1
2
4
8
16
20
200
2000

20000
200000

Table 10: order of convergence for the iterated staircase sum/Euler’'s method

12.33074198
5.03983763
0.49084218
0.24181874
0.12097455
0.09674847
0.00962392
0.00096169
0.00009616
0.00000962

1.29081046
3.36004612
1.02133316
0.99922246
1.00144359
1.00229196
1.00031491
1.00003200
1.00000321

Hausdorff distance estimated

N to the reference set| order of convergence
1| 12.7776205317754 _—
2| 2.5354954375123 2.3332796
4 0.2862571241233 3.1468842
8| 0.0413561282627 2.7911386
16 | 0.0087482798902 2.2410298
20 0.0054487041696 2.1218596
200 | 0.0000496413276 2.0404498
2000 | 0.0000004920011 2.0038773
20000 | 0.0000000049156 2.0003866
200000 | 0.0000000000492 2.0000426

Table 11: order of convergence for the iterated trapezoidal rule/Heun’s method

Hausdorff distance
to the reference set

estimated
order of convergence

200
2000

Table 12: order of convergence for the iterated Simpson'’s rule/RK(4)

2 | 0.5738839013430377
4 1 0.0130316902051055
8 | 0.0008327343160452
6 | 0.0000457277029451
0.0000180766413602
0.0000000018139237
0.0000000000001839
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6.5 Set-Valued Runge-Kutta Methods
Runge-Kutta methodsould be expressed by tiitcher array(cf. [But87]):

C1 aii aiz cee 1,52 ai,s—1 ai,s

C2 a21 a22 eee Q2,52 a2 s—1 az s

Cs—1 | As—1,1 A5—1,2 ++¢ As_1,5—2 As_1,5—1 As—1,s

Cs Qas,1 Qs 2 e Qg,5—2 As,s—1 Qs s
by bs veo bs_o bs_1 bs

Explicit Runge-Kutta methods satiséy, , = 0, if © < v, andc; = 0.
Theset-valued Runge-Kutta methéaf [[CDI)]is defined as follows:
Choose a starting s&Y € C(R™) and define foj = 0,...,N —landp =1,...,s:

=Y +h Y bl (40)
n=1 o

&7 = A+ ) +h 3 anel”) + Bl +cub)y” (+1)

uMeU, (42)

néve Xév, (43)

XN, = {n},,|n},, is defined by[(A0)£(43) (44)

Remark 6.60. If nonlinear DIs are considered with' (¢, =) = | {f(¢,z,u)}, equation@I) must be replaced
uceU
by
Wttt e N A h'S . e®)
éj =f(tjteu M+ z ap,ugj y U )-
v=1

For some selection strategies, some of the selectiéﬁg depend on others (e.g., they could be all equal).

Remark 6.60 (continued). If f(¢,z,u) = f(t,u),i.e. F(t,z) = F(t),and XY = {Og~ }, we arrive at the
underlying quadrature methaaf the Runge-Kutta method.

"7;'11 :njv—i—h z buf(t; —I—c#h,ug.”)), u§“) eU,
p=1

XJJ.\_’H = X]N—I-h zlb#F(tj +cuh),
PL:
N—-1 s
XN=nh > > buF(tj+cuh) = Qn(F;[to,ts])
Jj=0 p=1

Remark 6.61. If f(t,z,u) = f(t,x),i.e. F(t,x) = {f(t,z)}, thenX}¥ = {0} coincides with the point-
wiseRunge-Kutta method.

Remark 6.62. Grouping in equatiorfdQ) by matrices multiplied by;f’ andu§“), n=1,...,swe arrive at the
form
XN, =n(tipt) XN +h U {Y bt +cuh)ul}
u(-“)EU p=1
J

pn=1,...,s
with suitable matrices n (4.1, t;) (involving matrix values ofA(+)) and ¥ v, (t; 41, t; + ¢, h) (involving
matrix values ofA(-) and B(-)).
®n(tj+1,t5) is the same matrix as in the pointwise case ft,z,u) = A(t)x, hence it approximates
®(t;41,t;) with the same order of convergence as in the pointwise case.
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Questions:

e What is the order of the set-valued Runge-Kutta method,
i.e.du(R(ts,to, Xo),Xg') = O(hP) ?
Does the order coincide with the single-valued case?

e What selection strategy is preferrable?
e Should the chosen selection strategy depend on the Runge-Kutta method?
e What smoothness assumptions do we need?

Answers in the literature:

iter. distur- local overall
set-valued quadrature global bance order of global
RK-method method order term for ... disturbance order
Euler Riemannian O(h) ny O(h?) O(h)
sum u§.1) O(h)
Heun midpoint O(h?) Y O(h®) O(h?)
(constant sel.) rule u;l) O(h?)
Heun trapezoidal O(h?) ny O(h®) O(h?)
(2 free sel.) rule u§1) O(h?)
ul® O(h?)

Euler's method (see Subsect[on 65.1):
cf. [Nik88], [DE89], [Wol9(Q] for nonlinear Dls,
for extensions seé [Art94], [Gra03]
Euler-Cauchy method:
cf. [Vel92] as well as[[Vel89b]
for strongly convex nonlinear DIs
modified Euler method (see Subsecfion §.5.2)
cf. [BaiO5]
6.5.1 Euler's Method

Remark 6.63. ConsiderEuler’'s methogli.e. the Butcher array

0|0
1
underlying quadrature method = special Riemannian sum

N-—-1

Qn(Filto,ts]) =h 3 F(t;)
7=0

Grouping byn;." and the single selectioa§.1) yields

XN, =(ln+hA())XY+h B@#;) U (j=0,...,N—1).
N————— N——

=BN (tj41:t5) =N, 1(Ej415t5)

Proposition 6.64. Euler's method is a combination method with the following settings:
N—-1
QN(F; [thtf]) =h Z F(tj)a
i=0
DN (tit1,t;) = ln +hA(E)),

BN (tjr1t) = lne

Proposition 6.65. (cf. [Nik88], [DE89], [Wal9Q], see alsol[Art94], [Gra0B])
If
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A(+) is Lipschitz

B(-) is bounded,

T (0*(L, ®(ts,-)B(-)U),h) < Ch uniformly inl € S,,_4, e.g., ifB(-) is Lipschitz,
dH(X07X(I)V) = O(h),

thenEulers methodconverges at least with ordé€? (k).

Proof. The quadrature method has precision

If B(-) is Lipschitz, then®(tz,-)B(-) and hence alsé* (I, ®(tz,-)B(-)U) is Lipschitz (uniformly in I €
Sn—l)-

This shows that (6* (I, ®(ts,-)B(-)U),h) = O(h). The following estimations are valid:

[N (t541,t5) — B(ti41,85) 1l = | (In + hA(t)) — B(tj41,t5)]| = O(h?),
I®Na(tid1sts) — B(Ej1t) | = ln — R(tira,t5) | = O(h).
Hence, Proposition 6.54 can be applied yieldfigh). O

For order of convergence 1, it is sufficient tha(-) and B(-) (resp.6* (1, ®(ts,-)B(-)U), uniformly inl €
Sr»—1) have bounded variation.

6.5.2 Modified Euler Method

Remark 6.66. Considermodified Euler methqd.e. the Butcher array
0|0 O
111 9o
0 1

underlying quadrature method = iterated midpoint rule

N—-1 h

Qn(Filtosts) =h 3 Fit;+3)

(
J

(2)

Grouping byn;.\’ and the two selections!" andu;

yields
h h? h
Xﬁ_l = (|n+hA(tj + 5) + ?A(tj + E)A(tj))X;\r
h h h
+h U (GAG+BE] + B+ Du?)
(1) @
wy lyuy €U
J J
forj=0,...,N —1.

Proposition 6.67. (cf. [BaiO5])

Modified Eulemmethod withconstant selectiostrategy 'u§.1’:u§.2)" is a combination method with the following
settings:

N-—-1 h
Qn(Filto,ts) =h 5 F(tj+ ),
7=0

~ h h? h

DN (tjt1,t5) =ln+hA(t; + 5) + 7A(tj + E)A(tj),
. h h h h
OUnalti+35) = (Blt;+5) + 5 Alt; +5)B())U.

constanapproximation by the quadrature method (midpoint ruletgnt ; 4 1]
= constanselection in modified Euler is appropriate
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Proposition 6.68. (cf. [BaiO5])
If

e A’(-) andB(-) are Lipschitz
o 7(6*(l,®(ts,)B(-)U),h) < Ch? uniformlyinl € S,,_1, e.g., if B’(+) is Lipschitz,
e du(Xo, X)) = O(h?),

thenmodified Eulemethod withconstaniselection strateggonverges at least with orde (h?).

For order of convergence 2, it is sufficient that(-) and B’(-) (resp.%6* (I, ®(ts,-)B(-)U), uniformly
inl € S,,_1) have bounded variation.
Proof. The quadrature method has precision
Careful Taylor expansion shows (as in the pointwise case) that

1N (tj11,t5) — B(Ej41, )|
h.  h? h )
=[|(ln+hA(t; + 5) + ?A(t,- + E)A(tj)) —®(tj41,t5)|| = O(R”).

The following estimations are valid:
~ h h h h
da(Una(ti +3), (ln+ 5 A%+ 2)) B+ )U) = o(h?),

h h h h h
du ((In + EA(tj + 5))3(%’ + E)U’(I’(tj-i-l’tj + E)B(tj + E)U) = O(h?)
Hence,

- h h h
dua(Un,(t; + 5),‘1’(tj+1atj + E)B(tj + E)U) = O(h?)

follows with Propositiof 3.153(i).
Alltogether, Propositiop 6.54 can be applied yield@gh?). O

Proposition 6.69. (cf. [Bai0g])

Modified Eulermethod withtwo freechoiceSu(l)

j ,u§-2)€U is a combination method with the following settings:

N-—-1 h
(l) QN(F;[tht_f])zh z F(tj+§),
j=0
. h h2 h
PN (tj+1st5) = ln+hA(t; + 5) + ?A(tj + E)A(tj),

_ h h h h
Un,a(t;+ 5) = B(t; + §)U+ EA(tj + E)B(tj)U

Proposition 6.69 (continued). resp.
N-—1

() Qu(Filtosts) =5 3 (F(t)+Fltsea)),
BN (tj41,t5) = ln+hA(t; + g) + %A(tj + g)A(tj),

. h h
Un,a(tj) = B(t; + §)U+hA(tj + E)B(tj)U,

_ h
Un,2(tj+1) = B(t; + E)U'
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problem in (i): B
Minkowski sum of 2 sets itUn,1 (¢t + g), hence disturbance ter@(h)
problem in (ii): Minkowski sum of 2 sets anB(t,-+g) instead ofB(%;) in ﬁN,l(tj)
resp.B(t;+ ") instead ofB(t;41) in Un,2(tj+1)
The problem with two selections was also observed in the approximation of nonlinear optimal controls (cf.
[DHVOO04])).

Proposition 6.70. (cf. [BaiO5])
If

e A(-)isLipschitzand B(-) is bounded,
o 7 (6*(l,®(tg,-)B(-)U),h) < Chuniformlyinl € S,,_1, e.g., ifB(+) is Lipschitz,
e du(Xo, X)) = O(h),

thenmodified Eulemethod withtwo free selectionsonverges at least with ord&? (k).

Proof. The underlying quadrature method has precision 1, hencéalso
Careful Taylor expansion shows (as in the pointwise case) that

1N (tj115t5) — B(tj11,t5)|
h h2 h
=||(ln +hA(t; + 5) + ?A(tj + E)A(tj)) — @ (tj41,t5)|l

2

Slln+RAGs +5)) = @(ssa,t)l+ o IAG + 514 = O(:2).

The following estimations for (i) in Propositign 6169 are valid:
dur (Una (8 + g)"l’(tﬂ—l’tj + g)B(tj + g)U)
—du(B(t; + 5)U + 5 Aty + 5) B8ty + ) Blts + 5)U)
SAn(B(t;+ U@ (10,454 2) Bty + 2)U) + 5 1Al + ) Bl
Sl = ®(t550,85+ DI 1B+ DIl U] +O() = O(n).

Hence, Proposition 6.54 can be applied yieldfigh). O

Remark 6.71. If we assume thafl’(-) is Lipschitz, it would be valid that
@ (tj41585) — ®(Ej415t5)]

=+ A+ 5) + 2 Al + 5)AW) — B(ts4,8) | = O(R?).

But the disturbances iEIN,l(tj + %) are not of order® (h?).
Please notice that in (i)

Onalts +5) = Blts+ 5)U + 5 Alty + ) BlE)U
h h h
#(B(t+5) + At +5)B(t))U (45)

h h
= B(tj1,t; + ) Bt +5)U +O(h?)
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Remark 6.71 (continued). and
h h h
du(B(t; + U+ S At + ) B;)U,
h h h
(B(t; +3)+ 5 Alt; +5)B(t;)U) = O(h).

constant approximation by the quadrature method (midpoint rule)
on[tj,t;41]

= two free selections in modified Euler do not fit well,
possible order breakdown

Example6.72(very similar to [Ve[92, Example (2.8)], cf. Example §.18etn = 2, m =1, I = [0,1] and set

A(t):<g (1)) B(t):(‘l)) and U =[-1,1].

Since [4%) is fulfilled here, botkelection strategiefer modified Eulerdiffer.
data for the reference set:

e combination methoditerated trapezoidal rule/Heun’s mettiod
e N = 10000 subintervals

e calculated supporting points W = 200 directions

Set-Valued Runge-Kutta Methods
Modified Euler with Constant Selections,N = 1,2,4,8,16

1 T
08t _— A
P = /

06f / / 17 —=N=1

0l ~ /1 (line segment)
02k Z /// R — N =2

2o o s /4 ]
// f/‘r
] | -N=8
0.2 // /// _N P
o4/ g g ] N
/ - (biggest set)
-0.6 / ~ 7
/ - -
Ly — 1 order of
L . convergence© (h?)
-05 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
(a1

Modified Euler with 2 Free Selections,N =1,2,4,8,16
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—reference set

-N=1
(square)

—-N=2

—-N=8

—-N =16

(smallest set)

order of
convergence®(h)

Example6.72(continued).computed estimations of the order of convergence:

Hausdorff distance| estimated order| Hausdorff distance| estimated order

N to reference set | of convergence| to reference set | of convergence
1 0.21434524 —_— 0.75039466 —_—
2 0.05730861 1.90311 0.36454336 1.04156
4 0.01517382 1.91717 0.17953522 1.02182
8 0.00384698 1.97979 0.08841414 1.02192
16 0.00096510 1.99498 0.04419417 1.0042

\ (constanselections) \ (2 freeselections)

Possibleorder breakdowto O(h) in Propositior} 6.70 for modified Euler with two free selectioasi occur

1 0
0 2

Example6.73 data as in Example 6.2, onlt(t) = <
coincidg since

). Both selection strategiefor modified Euler

s bamw = () (Dot

ZCO{(—lo— h) (1ih)}’

BU + gABU - (‘D co{—1,1} + g (;’) cof—1,1}
=oof( ) (2 ) +eot(5,)- ()2
:CO{(—lo— h)’ <1ih>}'

Modified Euler with Constant Selections,N = 1,2,4

Set-Valued Runge-Kutta Methods
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b — reference set
2t 1 (longest line)

s 7 marked end points:
X N=1
o N=2

o or ® i

—2b X 4

| order of
Sl 1 convergence®(h?)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Modified Euler with 2 Free Selections,N = 1,2,4

4

3k 4

. — reference set
Jf 1 (longest line)

1 7 marked end points:
X N=1
0o N=2

o order of
convergenceO (h?)

Example6.73(continued). computed estimations of the order of convergence:

Hausdorff distance| estimated order| Hausdorff distance| estimated order

N to reference set | of convergence| to reference set | of convergence
1 1.19452805 E — 1.19452805 E —
2 0.56952805 1.06860 0.56952805 1.06860
4 0.20807785 1.45264 0.20807785 1.45264
8 0.06340445 1.71447 0.06340445 1.71447
16 0.01748660 1.85833 0.01748660 1.85833
32 0.00458787 1.93035 0.00458787 1.93035
64 0.00117462 1.96562 0.00117462 1.96562

\ (constaniselections) \ (2 freeselections)

Possibleorder breakdowto O (k) in Propositior 6.7)0 for modified Euler with two free selectioliss not occur
alwayd

Proposition 6.74. Modified Eulemethod witHinear interpolated selectionﬂ§1), u§3) cU andug.z): %(uf) +
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u§.3)) is a combination method with the settings:
N-—-1

Qn(Filtosts) =5 3 (Flt) + F(t40)),

i=0

. h h2 h
PN (tjt1,t5) =ln+hA(t; + 5) + ?A(tj + E)A(tj),

Onalts) = (Blts + 5) +hA(; + 5)B(E)U,
Un,2(tj41) = B(t; + g)U-

problem: B(t;+%) instead ofB(t;) resp.B(t;+ %) instead ofB(t;41)
This strategy was used in the approximation of the value function of Hamilton-Jacobi-Bellman equations in
[Eer94] and caused two unexpected results in one test example.
Proposition 6.75. If
e A(-)isLipschitzand B(-) is bounded,
o 71(6*(l,®(ts,)B(-)U),h) < Chuniformlyinl € S,,_1, e.g., if B(-) is Lipschitz,
o du(Xo,Xg') = O(h),
thenmodified Euler methodith linear interpolated selectionsonverges at least with ord&? (h).

Proof. The quadrature method has precision 1, hence(also
Careful Taylor expansion shows as for two free selections that

18N (tj415t5) = B(tj41,85) | = O(R?).

The following estimations in Propositipn 6|74 are valid:
du(Un,1(t5), ®(tj415t5) B(t;)U)
—an((B(t;+ )+ hA(; + D) B)U; (B(t;) +hA() B(1))U)
+du((In +hA(t;)B(t;)U, ®(tj11,t;) B(t;)U)
(1Bt + 5) ~ Bl +hlIAG + 5) — A@)I-1BE)) - U]
+ 111 +RA(E)) = (541,81 [ BEI - 1T = O(n),
du(Un,2(tj+1), ®(tj41,t541) B(tj41)U)
<UB(t; +5) ~ Bl - U] = O()
Hence, Proposition 6.54 can be applied yieldfigh). O
Remark 6.76. Assuming more smoothness, we could show that
@ (j1st5) — B(tj41,t5) ]| = O(R®),
for time-independent situations it is valid that
da(Un, (), @(tj41,5) B(t;)U) = O(h?),
du(Un,2(tj+1), @ (i1, ti41) B(tj11)U) = O(h?)

and hence global order of convergen®h?).
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Example6.77. (cf. [BL94d]) Letn = m = 2, I = [0,1] and set

A(t) = <}1 :;) B(t) = <31__2tt (_1:';;)@

data for the reference set:
e combination methoditerated Simpson’s rule/RK (%)
e IN = 100000 subintervals

e calculated supporting points ® = 200 directions

Set-Valued Runge-Kutta Methods
Modified Euler with Linear Interpolation, N =1,2,4,8

L L L L L
-3 -2 -1 0 1 2 3

Modified Euler with Constant Selections,N = 1,2,4

2

15r

05

) andU = [—1,1]%.

—reference set
. (smallest set)

-N=1
7 (biggest set)
] —N=2

—-N =8

| order of
convergence® (h)

—reference set

-N=1
(flattest set)
I -N=2

order of
convergenceO (h?)

Example6.77 (continued).computed estimations of the order of convergence:
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Hausdorff distance| estimated order| Hausdorff distance| estimated order
N to reference set | of convergence| to reference set | of convergence
1 2.47539809 0.67713923
2 0.42619535 2.53807 0.12998374 2.38112
4 0.12006081 1.82775 0.02271635 2.51653
8 0.05540102 1.11578 0.00498557 2.18790
16 0.02687764 1.04351 0.00119539 2.06027
32 0.01321630 1.02409 0.00029294 2.02881
64 0.00655070 1.01260 0.00007252 2.01407
\ (selections byinear interpolatioh \ (constanselections)

Possibleorder breakdowito O (k) in Propositior] 6.75 for modified Euler with linear interpolated selectiars
occutt
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7 Discrete Approximation of Optimal Control
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Optimal Control Problem

Problem 7.1 (Optimal Control Problem). Minimize

ty
e(a(to).z(tr) + [ folt:o(®),u(t)at
(0]
subject to the differential equation
&(t) = f(t,z(t),u(t)), to<t<ty,
the mixed control-state constraints
c(t,z(t),u(t)) <0, to <t<tyg,
the pure state constraints
s(t,z(t)) <0, to <t<ty,
Optimal Control Problem
Problem 7.1 (continued). the boundary conditions
Y(x(to),x(ts)) =0,
and the set constraints
u(t) EU CR™,  to <t<ty.
Terminology
Depending on the structure of the objective function we call the problem
e Bolza-Problemif o Z 0andfy Z 0
e Mayer-Problemif ¢ Z 0andfo =0
e Lagrange-Problemif ¢ = 0andfq Z 0

The problem is calledutonomousif the functionsfy, f, ¢, s do not depend explicitly of the time

Transformation: Free Initial/Final Time to Fixed Time
Letto and/ort; befree
New timer by time transformation
t(r) :=to+7(ty —to), T €[0,1]
New statez:
Z(7):=x(t(7)) =x(to+ 7(ty —to))
New controlu:
a(7) :=u(t(r)) =u(to+7(ty —to))

Transformation: Free Initial/Final Time to Fixed Time
Differentiation ofnew statew.r.t. new time

z'(r) = a(to+T7(ty—to)) -t'(7)
(ty —to) - f(to+T(ts —to)sz(to+7(ty —to)),u(to + 7(ts —to)))
= (ty—to)f(to+7(ty —to),z(7),u (7))
Eitherto and/ort; arenew real optimization variablesr introduceadditional differential equations
to(t) = 0,  to(0) free
ty(r) = 0,  tz(0)free
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Transformation: Free Initial/Final Time to Fixed Time
Transformed problem:
Minimize

P@(O,8(0) + [ (b7~ to) fo(t(),2(7), 5(r))br

s.t.
'(r) = (ty—to)ft(r),z(r),u(r)) a.e.inf0,1],
$(3(0),2(1)) = On,,
c(t(r),z(T),a(r)) < 0,  ae.in0,1],
s(t(7),Z(t)) < 0n, in0,1],
a(r) € U  ae.in0,1].

Transformation: Non-Autonomous Problem to Autonomous Problem
Additional state .
T(t)=1, T(to)=to

Replacet in fo, f,c,s by T
Minimize

Plalta).a(tr) + [ FolT(O).2(0) u(t))d

S.t.
() = f(T(t),z(t),u(t)) ae. infto,ts],
T@t) = 1, T(to) = to,
Y(z(to),z(ty)) = Ony,
c(T(),z(t),u(t)) < O0n, a.e. infto,ty],
s(T(t),z(t)) < On, in [tO,tf]a
u(t) € U a.e. in[to,ty].

Transformation: Bolza-Problem to Mayer-Problem
Bolza objective functional

e@(t), 2t + [ folte(t),u(t))d.

Additional statez:
2(t) = fo(t,z(t),u(?)), z(to) = 0.
Then: . .
2(t9) = =(to) + | folt.o(®),u@®)dt = [ fo(t (), u®)dt.

EquivalentMayer objective functional

p(z(to),x(ty)) + 2(ty)
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Transformation: Tschebyscheff-Problems
Tschebyscheff-Problem:

Minimize  max h(t,z(t),u(t)) s.t 1)1)
t€(to,ty]

Define

= h(t,z(t),u(t
o terfli’ff] (t,z(t),u(t))

Then:
h(t,z(t),u(t)) <« a.e. infto,ty]

This is an additional mixed control-state constraint!

Transformation: Tschebyscheff-Problems
The Tschebyscheff-problem is equivalent with

Minimize « s.t. (47) — (51), (53]
« is either aradditional optimization variabler anadditional statewith

a(t) =0, a(to) free

Questions
e Necessary optimality conditions (minimum principle) ?

— Problems without state and control constraints
— Problems with mixed control-state constraints
— Problems with pure state constraints

e Solution approaches for optimal control problems ?

Solution Approaches |

Indirect approach

e based on the evaluation of necessary optimality conditions
¢ leads to boundary value problems

e numerical solution by multiple shooting methods

OC P — minimum principle— BVP — multiple shooting

Ontimizati N boundary
plmlﬁl ion % value ————~ | Candidate
problem | conditions oroblem

Check for optimality (sufficient conditions)
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Solution Approaches I

Direct approach

¢ based on discretization of the optimal control problem
¢ leads to finite dimensional optimization problem
e numerical solution by sequential quadratic programming (SQP)

OCP — discretization — NLP — SQP

Optimization iterative/approximative algorithms
problem (SQP,Bellman)

solution

Check for convergence (sufficient/necessary conditions)

Questions
e Necessary optimality conditions (minimum principle) ?

— Problems without state and control constraints
— Problems with mixed control-state constraints
— Problems with pure state constraints

7.1 Minimum Principles

Minimum Principle for Unconstrained Problems
Hamiltonian:
H(t,z,uy Ay Lo) := Lo fo(t,z,u) +>‘Tf(t7w7u)‘

Theorem 7.2 (Local Minimum Principle for Unconstrained Problems). Assumptions:
(i) Lete, fo, f,? be continuous w.r.t. all arguments and continuously differentiable w.ieind w.
(i) Letid C R™= be a closed convex set with {bi) # 0.
(i) Let(#,@) € W2 ([to,tf],R™) X L>®([to,ts],R™) be a (weak) local minimum.

(iv) no pure state constraints (#9) and no mixed control-state constraints (48)!

Minimum Principle for Unconstrained Problems

Theorem 7.2 (continued). Assertion:
There exist Lagrange multiplie& € R, o € R™%, A € Wh°([to,ts], R™=) with:

(I) £0 Z 0, (£0707)‘) ?é @,
(ii) Adjoint Differential Equation

A(t) = —H;(t,:i:(t),ﬁ(t),A(t),eo)T a.e. in[t07tf]7
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Minimum Principle for Unconstrained Problems
Theorem 7.2 (continued).

(i) Transversality Conditions

Ato)T = = (boghy+0TW,),
Atp)T = bopl, +oTyy .

(iv) Optimality Condition A.e. in[tg,ts] it holds
H, (8, &(t),a(t),A(t), o) (u—a(t)) >0 Vucl.

Example: Minimum Energy
Example7.3 (Minimum Energy without State Constraintylinimize

1 1
F(x1,z2,u) = f/ w(t)?dt
2Jo
subject to

#1(t) = x2(t), x1(0)=z1(1) =0,
T2(t) = u(t), x2(0) = —x2(1) =1.

We apply Theorerp 7]2.

Example: Minimum Energy
Example7.3 (continued). Hamiltonian:

,u2
H = EO? + AliL'z + A2’U,-

Adjoint Differential Equation:
)-\1 (t) = _lel =0,
. _ ;o
A2(t) = -H,, = —A1(t).

Solution:
Al(t) = C1, )\2(13) = —Clt+ C2o
for some constants, , cs.

Example: Minimum Energy
Example7.3 (continued). Transversality conditions (yield no additional informations):
—01 =c¢1 =03, Ca = —03, —C1+C2=04.
Optimality condition Y = R = H/, = 0):
0="H! = Lou(t) + A2(t)

Example: Minimum Energy
Example7.3(continued).

(i) Case 1:£p = 0 The optimality condition yield\2(t) = 0 a.e.. Henceg; = ¢ = 0 and also\,(t) =
c¢1 = 0. Thus,£y = 0, A1 = 0, A2 = 0 which contradicts the conditioffp, A1, A2) # 0.

(i) Case 2:£9 = 1 (without loss of generalityptimality condition:

ﬁ(t) = —)\g(t) = Clt — C2.
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Example: Minimum Energy

Example7.3 (continued). The constants:;,c, are determined by the boundary conditiang(1) = 0 and
wz(l) = —1:

a _c2 - _1
6671_022 — _2} = 0120,62:2.
Candidate for optimal solution:
a(t) = -2, o = (0,—2,0,2)7,
Z1(t) = t(1—-1t), &T2(t) = 1—2t,
)\1 (t) == 0, )\2(t) == 2.

Example
The follwing example shows, that the cae= 0 may occur.

Example7.4. Minimize
1
F(w,u):/ w(t)dt
0
subject to
z(t) = wu()?  x(0)==z(1)=0.

Obviously, onlyu = 0 satisfies the constraints and thus is optinfdle constraints fully determine the solution!
No degree of freedom left!

Example
Example7.4 (continued). With H (z, u, X, £o) = Lou + Au? it follows

0 = H'/u, = eg + 2A’U4,
A =0 = A = const
Now, assume thafly # 0. Then:
u = —£y/(2X\) = consts# 0.

This control impliesz(1) > 0 and henceu is not feasible!
Hence, it must holdy = 0.

Global Minimum Principle
The local minimum principle can be generalized.
Let4 C R™= be measurable (e.g. non-convex, empty interior, discrete set). Then:

Global Minimum Principle
For almost every € [to,ts] it holds

H(t,2(t),a(t), A(t), o) < H(t, 2(t),u,A(t),£o) YuelUu (54)
resp.
a(t) = arquneig{lH(t, Z(t),u, A(t),%o)- (55)

The optimali minimizes the Hamiltonian!
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Special Case
The global minimum principle fot{ = R™ implies

H;(t7i’(t)aa(t)a)‘(t)a£0) = O,
H.,, (E,&(E), a(t), A(E),£o) positive semi-definite

If in addition thestrengthened Legendre-Clebsch condition
HY (&, &(t),a(t), A(t),£o) positive definite
holds, therH!, = 0 can be solved fofi by the implicit function theorem:

a(t) = u*(t,&(t), A(t),£0).

Global Minimum Principle and Linear Problems
We apply the global minimum principle to a linear optimal control problem:

Problem 7.5 (Linear Optimal Control Problem). Minimize

n'x(ts)
subject to
&(t) = A@)x(t)+ B(t)u(t), a.e. infto,ts],
z(to) = o,
u(t) € U, a.e. infto,ts].

Global Minimum Principle and Linear Problems
Global minimum principle:

AT (A@)E(t) + B)a(t)) < A(t) " (A@)&(t) + B(t)u) Yu e U.

Thus:
At)TB@)a(t) < A(t)"B(t)u  Vu€EU.

Adjoint equation and transversality condition:
ADT =2 TA®),  Alty) =n.

Notice: £o = 0 would lead tox(ty) = 0 and thus\ = 0 contradicting(£y, A) 7 0. Hence £y = 1!

Global Minimum Principle and Linear Problems
For the linear optimal control problem 7.5 the minimum principle is alsificient

Given:
o fundamental systerk with & = A®, ®(to) = I

o feasible controk(t) € U and corresponding staie
t
(t) = ®(t) (330 +/ q»(T)—lB(T)u(T)dT>
to
Observationit holds A (t) " @(t) = const= \(to) ' because

LamTem) = AOT s®+LAOT b)) =o.
dt —— ~——
=—X(t)T A(t) =A(t)2(t)
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Global Minimum Principle and Linear Problems
Now:

e Let (&, 4) satisfy theglobal minimum principle
e Let (x,u) be an arbitrary feasible trajectory.

Then:
A(t) Ta(t) — A(t) T&(t)
—A(t)T®(8) </t &(m)"1B(r) (u(r) — a(r)) dT)
— 2 \to

=X(to) T

— /t Alto) T®(T) "L B(7) (u(r) — a(r)) dr.
) N —— ———’

=X(r)T

Global Minimum Principle and Linear Problems
Att =ty it holdsA(t;) = n and exploitation of the minimum principle yields

nTalt) —nTa(te) = [ A@)TBEu) A B(r)i(r)dr > o.

to

>0

Hence,(&,4) is optimal!

Minimum Principle for Control-State Constraints
Augmented Hamiltonian

H(t,x,u, A\ 1,4o) := H(t,z,u, N\, Lo) +1 " c(t,z,u).
Theorem 7.6 (Local Minimum Principle for Control-State Constraints). Assumptions:
(i) Letep, fo, f,c,1p be continuous w.r.t. all arguments and continuously differentiable w.ietnd w.
(i) Letl = R™x.
(i) Let(#,@) € W ([to,ts],R™®) X L>°([to,ts],R™) be a (weak) local minimum.
(iv) rank(c, (t,&(t),a(t))) = n.a.e. in[to,ty]

(v) no pure state constraintf (49)!

Minimum Principle for Control-State Constraints

Theorem 7.6 (continued). Assertion:
There exits multipliergy € R, A € W2 ([to,tf],R"=), n € L>®([to,ts],R™), o € R™¥ with:

(I) EO Z 0! (EO,U,AM) # ®.

(i) Adjoint Differential Equation:

}.‘(t)—r = _7:‘; (ta ii‘(t),’fl,(t), A(t),?”l(t)afo)
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Minimum Principle for Control-State Constraints
Theorem 7.6 (continued).

(iif) Transversality Conditions:

Ate)T = — (6099;0 +aT¢;0) :
T __ ’ T,/
Alty) = Eggawf +o ’Q/wa.

(iv) Optimality Condition:A.e. in[tg,t¢] it holds
H, (t,2(t),a(t),A(t),n(t),£o0) = O, -
(v) Complementarity ConditionA.e. in[tg,ty] it holds
n(t) et &(t),a(t)) = 0,  n(t)>0n,.

Minimum Principle for State Constraints

Definition 7.7 (Functions of Bounded Variation (BV)). p : [to,tf] — R s calledof bounded variatioif there
exists a constar@ such that for any partition

Gi={to<t1 <... <ty =ts}
of [to,ty] it holds
> lw(ti) — p(ti-1)| < C.

=1
BV ([to,t],R): space of functions of bounded variation
NBYV ([to,tf],R): space of normalized functions of bounded variation,iéto) = 0 andy is continuous
from the rightin(to,t¢).

Functions of bounded variation are differentiable almost everywhere, except at at most countably many points.

Minimum Principle for State Constraints
Theorem 7.8 (Local Minimum Principle for State Constraints). Assumptions:
(i) Letep, fo, f,s,1 be continuous w.r.t. all arguments and continuously differentiable w.ieind w.
(i) Letid C R™ be a closed and convex set with(iift) £ 0.
(i) Let(#,@) € W ([to,tf],R™=) X L>®([to,ts],R™*) be a (weak) local minimum.

(i) no mixed control-state constrainfs {48)!

Minimum Principle for State Constrained Problems Il

Theorem 7.8 (continued). Assertion:
There exist multipliergy € R, A € BV ([to,t¢],R™*), u € NBV ([to,ts],R™¢), ando € R™¥ with:

(I) Lo Z 0, (EOaaaAaM) # o,
(i) Adjoint Equation:
ty ty
MO =Xt + [ W) Tdr+ [ s Tdu(r), VL€ Ttosty].
t t
(The latter integral is a Riemann-Stieltjes integral!)

Abbreviation:H! [t] := H’ (t,Z(t),@(t), A(t),£o), similar for s’ [t]
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Minimum Principle for State Constraints
Theorem 7.8 (continued).
(iii) Transversality Conditions:
)\(to)—r = — (E()Lp;o —I— O'T’l/);o) 9
Atp)T = lopy oy .

(iv) Optimality Condition:A.e. in[to,t] it holds

H;(tﬂﬁ(t)’ﬂ(t)9)‘(t)’£0)(u —a(t)) >0 Vu eU.

(v) Complementarity Conditiory; is monotonically increasing ofto, t¢] and constant on interval§, , t2),
Remarks
Remark 7.9.

e There is also a global minimum principle for theorem] 7.8, where the optimality condition is given by

a(t) = argmeilr}H(t, Z(t),u, A(t),4o)-

Remarks
Remark 7.9 (continued).

¢ )\ is differentiable almost everywhere iy, t ¢] with
A@)T = —HL(8,8(), a(t), A(t), L0) — fu(t) T s}, (£,&(2)).

At pointst; € (to,ts) wherep (and possiblyA) is not differentiable, the jump-conditions hold:

At5) = A(t7) = —sl,(t5,2(t)) T (w(ts) — u(t;))
and

Hts] = Mt ] = st @) T (nlts) — (&)

For Further Reading
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7.2 Indirect Methods and Boundary Value Problems

Examples for Boundary Value Problems |
Necessary conditions for variational problems or optimal control problems lead to boundary value problems.

Example7.10(Variational Problems).Variational problem:

min/bf(t,a:(t),:c'(t))dt st @(a) = a, o(b) = xp

a

Necessary for optimality: Euler-Lagrange differential equatiff) {, # 0):

folt] = Fonlt] — £a 812" () — forw [t (t) = 0,
z(a) = xq, z(b) = zp,

Two-point boundary value problem!

Examples for Boundary Value Problems Ii

Example7.11 (Optimal Control Problems without State Constraint&ocal minimum principle: control law
u = u*(t,z,\) fromH! = 0yields

z(t) = f(t,z(t),u"(t,z(t),A(t))),

M) = —HE2(),u" (62, A(),A®)L0) T,

On, = W(a(to)a(ty)),
Ato)T = — (Lo, (@(to),@(ts) + 0T, (@(to),2(t1) ) 5
At)T = ol (@(te)x(tr)) + 0T (2(to),a(ts)-

Two-point boundary value problem!

2-Point Boundary Value Problem
The boundary value problems formally are of the subsequent form:

Problem 7.12 (Two-point Boundary Value Problem (BVP)). For given functiong : [a,b] X R™ — R™v and
r: R™ x R™ — R™ find a solutiony of the boundary value problem

'y,(t) = g(t,y(t)),
r(y(a),y(b)) = On,

in the interval[a, b].
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Multiple-Point Boundary Value Problems |
In case of

e broken extremal§i.e. continuous, but not differentiable functions) for variational problems or
e switching condition®r pure state constrainter optimal control problems
the necessary conditions lead to
multiple-point boundary value problems
with conditions at

intermediate points;, j = 1,...,k.

Multiple-Point Boundary Value Problems

Problem 7.13 (Multiple-point BVP). For given functiongjs,...,gm : [@,b] X R™ — R™v andr; : [a,b] X
R™ x R™ — R¥i, j =1,...,m+ 1 find a functiony andswitching pointsz < 7 < ... < Ty, < b With

gl(tay(t))v ?fa§t<7-1,
y'(t) =1 gi(tyt)), ifr<t<tjt1,j=1,...,m—1,
gm(t,y(t)), ifr, <t<b

subject to intermediatgansition conditions
ri(m,y(; )y (7)) =0kyy G =1,...,m,
andboundary condtions
rm+1(y(a),y(b)) = Ok, -
Remarks
Remark 7.14.

e By appropriate transformation techniques the multiple-point BVP can be transformed to an equivalent two-
point BVP. Thus, it suffices to consider only the latter.

e Existence and uniqueness results for BVP’s can be found in Ascherlet al. [AMR95], Chapter 3. A BVP can
have none, exactly one, or infinitely many solutions.
7.2.1 Single Shooting

Idea of Single Shooting
We consider the two-point B[P 7.J12.
Idea of the single shooting method:

y(b;nld)

T

'
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Motivation
Given: initial guessn of initial valuey(a)

Solution:y(t;n) of IVP
y'(t)=gty®), y(a)=n.
Restriction:boundary condition

F(n) :=r(y(a;n),y(b;n)) = r(n,y(b;n)) = On, (56)

Equation[(5p) is aonlinear equation

Single Shooting Algorithm
Application of Newton’s method yields the single shooting method:

Algorithm: Single Shooting Method

(0) Choose initial guesg!®! € R™v and set = 0.

(1) Solve IVP ‘
y'(t)=g(t,y®), y(a)=n, a<t<p,

computeF (n!¥), and calculate the Jacobian
F'(n)y = v (%, y(bsn™)) + 7, (0, y(b5n!")) - S(b),
Single Shooting Algorithm
whereS solves thesensitivity differential equation

S'(t) = g, (ty(tsn™)) - S(t),  S(a) = In,xn,-
(2) If F(ntil) = 0, (or some more sophisticated stopping criterion), stop with success.
(3) ComputeNewton-directiond!”! as solution of thdinear equation
F'(nyd = —F(n™).
(4) Setnlitll = »lil 4 dlil andi = i+ 1 and go to (1).

Remarks

Remark 7.15. The JacobiarF” (n") in step (2) of the single shooting method can be approximated alternatively
byfinite differences

0 F(n+he;) — F(n)
TF(U) ~ -
nj h
e; = 7" unity vector. This approach requires to soleg nonlinear IVP’s! The sensitivity differential equation
approach requires to solve, linear IVP’s.

) lea-"anya

Convergence of Single Shooting
The single shooting method essentially is Newton’s methods-  convergence results for Newton’s method
remain valid (ocally superlinear, locally quadratic convergence
JacobianF” (n!%) is non-singular if
vl (P y (b)) - S(a) + 7, (0, y(bsn1)) - S(b)

is non-singular.
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Example
Example7.16 Consider the subsequent optimal control problem: Minimize

-1+ [[u? +amia

subject to
&(t) = u(t) —r(t), z(0) =4
with 7(t) = 15exp(—2t).
Example
Example7.16(continued). The minimum principle results in the BVP

@(t) = —At)—7r(),

At = — o),
z(0)—4 = 0,
A1) —5(z(1)—1) = o.

Example

Example7.16 (continued). We apply the single shooting method with initial gueg¥d = (4, —5) T and obtain
the following solution:
Statex: Adjoint A = —u:

4 0

35 05

8 4
25
15
2
2
15
, 25

0.5 -3

0 -3.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

7.2.2 Multiple Shooting

Motivation
Problem with single shooting:

Applicability and stability: Estimate
ly(E3m) —y(E5m2) || < |lm1 —n2ll exp(L(t —a)).
Idea: Multiple shootingby introducing additionamultiple shooting nodes
a=ty<t; < - <tn_1<tny=b

Number and position of multiple shooting nodes depend on particular example!

Multiple Shooting Idea

196



Yo(t;mo)

\j

Multiple Shooting Method |
In every intervalt;,t;+1), 7 =0,...,IN — 1 starting aty; solve the IVP
y'(t) =g(ty®),  y(t;)=n;
Solution in[tj,tj+1): Yj (t;’l’]j)

Piecewise defined function:

yj(t;nj)’ iftj§t<tj+1’j20a“'aN_1a

t; —-1) = i
y( sMo> sTIN 1) { yN—l(tN;nN—l)’ ift=">5

Multiple Shooting Method Il
Continuity and boundary conditions:

Yo(ti;m0) —m
y1(ta;m) —n2
F(n) = F(nos---s1N-1) = : = OnNeny-
YnN—2(tN—13MN—2) —NIN-1
r(Mo,yn—1(tN3MN=1))

Equation[(5f) again is monlinear equatiofor the variables) := (no,...,nn—1)" € RN v,
Special caséV = 1: single shooting

Sparsity
Structure of Jacobiarsparse!
So —1I
Sy -1
F'(n) =
Sn—2 —I
A B-Sn_1
with
17)
Sj = Tnjyj(tj+1;77j)’

A = T';a(n07yN—1(tN;nN_1))’
B := T;b(TIanN—l(tN;nN—l))'
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Multiple Shooting Algorithm
Application of Newton’s method yields the following algorithm.

Algorithm: Multiple Shooting

(0) Choose initial guesgl® = (gl ..., nl% )T € RNy and set = 0.
(1) Forj =0,...,IN —1 solve thelVP’s

y'(t) =g(ty(), yt;)=n,  t; <t <t

computeF (n[#) and compute the sensitivity matric8s = S(t;+1), whereS solves thesensitivity dif-
ferential equation

Multiple Shooting Algorithm

S,(t) :g;(t’y(t;n['i]))°s(t)7 S(tj) :Inany’ t; <t<tji.
ComputeF” (nll) according to[(58).
() If F(nlil) = On.n, (Or some more sophisticated stopping criterion), stop with success.
(3) Compute théNewton-directiond(?! as solution of théinear equation

F'(n')d = —F(n!).
(4) Setnlitl] = »lil 4 dlil andi =i+ 1 and go to (1).

Remarks

Remark 7.17. Newton’s method can lgobalizedby introducing a step size;:
2l = gl aid[i], 1=0,1,2,....

The step sizex; may be computed usingliae searchfor the function
1 . )
pla) = 5IIF(w[’] +ad)|3
by, e.g. Armijo’s rule.

Remarks

Remark 7.18. The exact Jacobia#” (%), which is very expensive to evaluate (sensitivity differential equa-
tion), can be replaced by a so-calleghdate formulaknown fromQuasi-Newton methodsom unconstrained
optimization. For instance thenk-1-update formula of Broydenay be used:

(z—Jd)d’

ot — — F(nt) —
gTq °  A=nTom z=FmT)-F).

Jy=J+

Remarks

Remark 7.19. A difficult task from numerical point of view is the determination of a sufficiently good initial guess
for the solution of the BVP. Especially if the BVP results from the minimum principle for optimal control problems,
it is important to provide a good estimate of the switching structure (i.e. number and position of active, inactive,
and singular subarcs) as well as for the state and adjoints at the multiple shooting nodes.

Unfortunately, there is no general way to do this. Possible approacheb@rmtopy methodg.e. easy to
solve neighboring problems are solved and their solutions serve as initial guedsgotrdiscretization methogs
which will be discussed later on.
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For Further Reading
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7.3 Direct Discretization Methods

Direct Discretization Methods

Problem 7.20 (Optimal Control Problem). For fixed time pointgg < £ minimize

e (x(to),x(ts))

subject to
() = [f(t,=z(t),u(?)),
an; = ’l,b(.’l)(to),w(tf)),
c(t,z(t),u(t)) < O,
s(t,z(t)) < On,,
u(t) € U:={u€eR™ | umin < U< Umaz}-
Idea

General structure of discretization methods:

e Parametrization of the controThe controlu is replaced by a function;, that depends on finite number
of parameterse.g. apiecewise constant functiamn some grid. The indek indicates the dependence on
some discretization parameter, e.g. the step size of a grid.

e Discretization method for the differential equatiofhe differential equatior(t) = f(t,xz(t),u(t)) is
discretized by some discretization method, e.goag+-step methad

e Optimizer: The resulting finite dimensional optimization problem after discretization is solved by a suitable
optimization routine, e.gSQP methods

7.3.1 Euler Discretization

Full Discretization by Explicit Euler's Method

Grid
Gy, := {t0<t1 <...<tN=tf},
step sizeh; =t;41 —t;, 1 =0,...,N—1, h:= _ Jnax 1hi.
Idea: Y

e Discretize the differential equation using the explicit Euler's method

o feasibility of constraints only on grid

Full Discretization by Explicit Euler’s Method

Problem 7.21 (Full Discretization by Explicit Euler's Method). Find xy, : G, — R"=, ¢; — xp(t;) =: @4,
up : G — R ¢t; — uh(t,-) =: u,; such that

¢(wo,N)
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is minimized subject to

Tit1 — a7i+hif(tiawiaui)7 t=0,1,...,N

Y(zo,zN) = On,,
c(ti, i, ui) < On,, i=0,1,...,N,
s(ti, i) < Opg, i=0,1,...,N,
U € [Umin,Umaal, 1=0,1,...,N.

Full Discretization by Explicit Euler's Method
Finite dimensional nonlinear optimization problem

min F(z)
st. z€S, G(z)£L0O6, H(z)=06

(ng +my) - (IN 4+ 1) optimization variables
z = (w07m1’---7-’BN,'U/0,'U/1,...,’U,N)T

Objective functional
F(z) := p(xo,xN)

Full Discretization by Explicit Euler’s Method
(ne+mns) - (N + 1) inequality constraints

C(t07m03u0)

G(z) = C(tzsv(;:ﬁcﬁw)

S(tN,:ItN)

Full Discretization by Explicit Euler's Method
ng + N 4 ny, equality constraints

xo + ho f(to,To,uo) — 1
H(z):= :
en—1+hn_1f(tN-1,ZN_1,UN—_1) — XN

¢($0, iBN)

Set constraints

S :— an(N+1) % [ N+41

Umin umam]

Full Discretization by Explicit Euler's Method
Advantage:

sparse structure (exploitation possible)

Disadvantage:

large scale
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Full Discretization by Explicit Euler's Method
Structure of optimization problem:

F(z) = (¢,

o|--|e[e, o] ]e)

Full Discretization by Explicit Euler's Method

¢ [to] c, [to]

G = | clt]

sy [tn]

Full Discretization by Explicit Euler's Method

My, -—I,, ho f,,[to]

H'(z) = B ,
Myn_1 —1I,, hn_1f,[tn_1]
/ 7
Wo Vo | ©

with
Mi::Inm+hif;,c(tia$iaui)a i=0,...,N—1

Reduced Discretization by Explicit Euler's Method
Idea: eliminate the difference equations!

xr9 —=: XQ(:I}()),
z1 = xo+hof(to,zo,u0)
= Xo(xo)+ hof(to,Xo(x0),u0)
== X]_({II(),U(]),
z2 = x1+hif(t1,z1,u1)
= Xi(zo,uo0) +h1f(t1, X1(x0,u0),u1)
=: Xz2(wo,u0,u1),
TN rN_1+hN_1f(tN—1,ZN_1,uN—-1)

Xn-1(zo,u0,...,un—2)+hN_1f(tN-1,XN_1(T0,u0,.---,uUN—-2),UN_1)
XN—l(wOaUO" . 'auN—l)'

Reduced Discretization by Explicit Euler's Method
Problem 7.22 (Reduced Discretization by Explicit Euler's Method). Find an initial valuexy € R™= and a
grid functionup, : G, — R™, ¢t; — up (t;) =: u;, such that

P(xos XN (Tos U0y -+ s UN-1))

is minimized subject to

¢($07XN(.’130,’U/0,...,’U,N_1)) = Onw’
c(ti, Xi(xo,Uoye oo sUiz1)yu;) < Op, i=20,1,...,N,
S(ti,Xi(wO’uO"."ui_l)) S On.s? 7‘:0717 . 7N7
Ui € [Umin,Umaz] ¢t =0,1,...,N.
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Reduced Discretization by Explicit Euler's Method
Finite dimensional nonlinear optimization problem

min F(z)
st. z€S, G(z)£L0O, H(z)=06

Tz + N, - (IN + 1) optimization variables

(59)

2 1= (L0, U0y Uy .oy UN) |
Objective functional
F(Z) = Qo(:L'O,XN(iL‘O,’U,O,. .o ,UN_]_))

Reduced Discretization by Explicit Euler's Method
(ne+ns) - (IN 4+ 1) inequality constraints

c(to,To,uo)

G(Z) e c(tN7XN(:BOaan"'auN—1)7uN)
' s(to,xo)
s(tn, XN (Tosugy--vsun—1))

Reduced Discretization by Explicit Euler's Method
ny, equality constraints

H(z) := ( ¢ (x0, XN (To,Uoy---,uN_1)) )
Set constraints
S = an X [uminaumam]N+1

Reduced Discretization by Explicit Euler's Method
Advantage:

low dimension compared to full discretization approach

Disadvantage:

dense (exploitation of structure not possible)

Reduced Discretization by Explicit Euler's Method
Structue of optimization problem:

)
sworgy | d
cltal - Gor | Cltal- Far  culta]
ax ax ox
ey o | Nl ]Gl el g2 el
= )
ol o | ex
Sw[tl] . 8:1:(} Sa;[tl] . Bu;
ax ax . 8Xx
Slm[tN]' ng Slm[tN]' Bul(;r S‘IE[tN]. auNljl
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Reduced Discretization by Explicit Euler's Method

’ _ ’ ro, OXnN o, OXnN
H (Z) - ( ’lﬁbmo +wmf Bdxg wmf Bug

cee |t 2XN
Ty Oun_1

Reduced Discretization by Explicit Euler's Method
Required: sensitivities

0Xi(xo,u0y---sui—1)  OXi(To,Uoy.--rUi—1)

9 9
Oz Ou;

= sensitivity analysis

7.4 Necessary Conditions and SQP Methods

Nonlinear Optimization Problem
Constinuously differentiable functions:

F : R"—>R,
G=(Gy,...,Gp)" : R®" =R™,
H = (Hy,...,H,)" : R™ —RP

Set
S:={z€R"[2<2<%}, 2<% 2%z€(RU{-o00,00})"

Problem 7.23 (Optimization Problem). Find z € R™, such thatF'(z) is minimized subject to the constraints
Gi(z) < 0, i=1,...,m,

Hj(z) = 0, j:]-""apa
z € S

Definitions
Feasible set

Y:={2€85|Gi(2)L0,i=1,...,m, Hj(2) =0, j=1,...,p}.
Index set of active inequality constraintszat
A(z):=={i|Gi(2) =0,1<i<m}

Lagrangian
L(z’EOaMa)‘) = Z01;‘(z) + H'TG(Z) + }\TH(Z)

7.4.1 Necessary Optimality Conditions

Fritz-John Conditions
The following first order necessary optimality conditions are due to Fritz John.

Theorem 7.24 (Fritz-John conditions). Let 2 be a local minimum of problen 723. LE%, G;, i = 1,...,m,
andHj,j =1,...,pbe continuously differentiable. Then, there exist multipligre R, pt = (p1,. .. JUm) T E
R™, A= (A1,.--,2p) " € RP with (€o,p,A) # 0 and

(a) Sign conditions:
Lo >0, i >0, i=1,...,m. (60)



Fritz-John Conditions
Theorem 7.24 (continued).

(b) Optimality condition:

L’ (2,£0,p,A)(2—2) >0 Vz€ES.

(c) Complementarity condition:
uzGl(f)ZO, i=1,...,m.

(d) Feasibility:
zeX.
Karush-Kuhn-Tucker (KKT) Conditions and Regularity Conditions
Regularity condition of Mangasarian-Fromowét2:
(a) The gradient&¥ H;(%), j = 1,...,p arelinearly independent
(b) There exists a vectat € int(S — {£}) with
VG;i(2)Td < 0fori € A(%),
VH;(2)"d=0forj=1,...,p.

Karush-Kuhn-Tucker (KKT) Conditions and Regularity Conditions
Linear Independence Constraint Qualification (LICQ}at

(@) 2 €int(S);
(b) The gradients

VGi(2),i € A(2), VH;(2),j=1,..

arelinearly independent

LICQ guaranteesniqueness of Lagrange-multipliérs

Karush-Kuhn-Tucker (KKT) Conditions and Regularity Conditions

(61)

(62)

(63)

D

Theorem 7.25 (KKT Conditions). If either the Mangasarian-Fromowitz condition or the Linear Independence
Constraint Qualification is satisfied at a local minimiythen the Fritz-John conditions are satisfied wigh= 1.

(x, A\, p) is calledKKT point, if it satisfies the necessary Fritz-John conditions With= 1.

7.4.2 Sequential Quadratic Programming (SQP)

Numerical Solution by SQP
Iteration:
ZlFH1] = 4kl —|—akd[k], k=0,1,2,...

204



Finding Search Direction
Determination of search directiaft*: Solve

Quadratic Program (QP)

1
: - TB FI [k:]
e Bedr FE

S.t.
G+ G (zM)yd < 0,

H:FY 4+ H (Fhd = o,
<zM4d<z.

By suitable update matrix (modified BFGS-update-formula, cf. Powell [Pbw78])

Remark

Remark 7.26. Instead of using an update matrix fé#y, it is also possible to use the Hessian of the Lagrangian,
i.e. By = L”_(2*1, £y, ¥, X[¥]). But, the Hessian may be indefinite. In this case, QP is not convex anymore
and becomes more difficult to solve.

SQP Algorithm
Algorithm: Local SQP Method

() Choose intial guesgz[®l, 01, Al0) € R™ x R™ x R? and set = 0.

(i) 1f (z[F], wlkl, AI*]) is a KKT point, stop with success.
(iii) Compute a KKT poin(d¥], ulk+11, X[k+11) € R™ x R™ x RP of the quadratic program.
(iv) Setzlk+1 = 2kl 4 gl*l k := Kk + 1, and go to (ii).

SQP Algorithm

Remark 7.27.

e The quadratic program can be solved by, e.g.aative set methqdf. Goldfarb and Idnani[GI83], Gill et
al. [GM78,[GMSWa1].

e The iteratesz[*! in general are infeasible for the nonlinear program.

e locally superlinear convergence

Globalization of SQP
Exactf;-merit function

fa(zm) = F(2) 1 <§ max{0,Gi()} + 3 |H,.(z)|> .m0
i=1 Jj=1

Penalty terms:
m p
zgX% = z max{0,G;(z)}+ Z |H;(z)| >0
=1 j=1

Required:direction of descent*! with

E'l(z[k] ;d*lin) <0
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Globalization of SQP
One dimensional line search:
min(a) == £ (= + ad®;n)

Choice ofn: Direction of descent, if

n > max{p{T, L pler Al (64)

w1 A[k+1]: | agrange multipliers of quadratic program

Iterative adaption ofj:

Me+1 := max{ny, max{u[lk+1], e ,ug“fl] , |)\[1k+1] [yeees |)\Lk+1] [} +¢€}, (65)

Global SQP Algorithm
Algorithmus:Globalized SQP Method

() Choose initial gues$z[°l, u[01, A[0]) € R™ x R™ x RP, By € R™*™ symmetric and positive definite,
8 € (0,1),0 € (0,1), and sek = 0.

(i) 1f (zIF], ulkl  AIR]) is a KKT point, stop with success.

(iii) Quadratic program:Compute a KKT point(d*l, ulk+1 Alk+1) ¢ R x R™ x RP of the quadratic
program.

(iv) Adaptn according to[(6b).

Global SQP Algorithm
(v) Armijo’s rule: Determine the step siz#; = max{3’ | j = 0,1,2,...} with

£, (2M + agd™s ) < €1 (25 m) + ooyl (2115 dR)s ).

(vi) Modified BFGS updateComputeBy 1 according to some update rule.

(vii) Setzlk*+1 := 2k 4 oy dl*l k := k + 1, and go to (ii).

Remarks

Remark 7.28.

e Under appropriate assumptions, the global SQP method turns into the local SQP method after a finite
number of steps. This means that the step legth= 1 is accepted by Armijo’s rule in this case. As
mentioned above, the local method converges at least at a superlinear rate and hence, the global method

does so as well.

e In praxis, it often happens that the quadratic program is infeasible. Powell [Pow78] overcame this rem-
edy byrelaxingthe constraints of the quadratic program in such a way that the relaxed problem becomes
feasible.

For Further Reading
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7.5 Computing Gradients
Solution of Discretized Optimal Control Problem by SQP

optimal/feasible?

Initial guessz[©]

— >0
Iterationi = 0 T
i1
L= Y
new SQP iterate hum. solution
241 = 200 4 X, dl] ODE & SODE

A

Evaluation
— Obj./Constr. -
— grad./Jacobian

Calculation of Gradients
Task: Compute

e gradientF” of the objective functional
e Jacobiangz’ and H’ of the constraints

needed within the SQP method.

Full discretization approachy
Overview
Reduced discretization approach:
e Sensitivity equationif number of constraintgreaterthan the number of variables
¢ Adjoint equation if number of constraintsmallerthan the number of variables

¢ Algorithmic differentiation ,forward mode“ <> sensitivity differential equation ,backward mode%
adjoint equation www.autodiff.org

e Approximation byfinite differences
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7.5.1 Sensitivity Equation Approach

Sensitivity Equation
explicit Euler's method:

X()(Z) = o,

Xit1(2) = Xi(2)+hif(ti, Xi(2),u:), t=0,1,...,N—1

Reminder:z = (zg,ug,-..,un) ' € R™is the variable in9).
We need th&ensitivities

Si = 5
0z

i=0,1,...,N.

Sensitivity Equation
Differentiation of [6]) w.r.t.z yields

Ou;
Siy1=8S:+h; (f:'c(ti,Xi(z),ui)-S,-—i—f;(ti,X,-(z),ui) . —; > , 1=0,1,...
z

According to [6§) it holds

_ 8X0(Z) _
= Y =

This approach is known asternal numerical differentiation (INDf. Bock [Boc87].

So

(Inz @‘ ‘@) € R7e X (ne+(N+1)nu) |

Gradient
Gradient of objective functionChain rule

d%so(Xo(Z),XN(Z)) = oo (X0(2), XN (2)) - So + ¢, . (Xo(2), Xn(2)) - S

Likewise for constraints!

Conclusions
Effort: Essentially an IVP of dimension,, - (n 4+ 1) has to be solved.

Notice: With incresing dimensiom = n, + (IN 4 1)n,, of the variablez this becomes expensive!

Sensitivity Differential Equation

Remark 7.29.

(66)
(67)

(69)

¢ In praxis, often astep-size selection strateggy/used to solve the parametric IVP. In view of the sensitivity
analysis it is necessary to solve the sensitivity differential equation using the same step-sizes. Otherwise,

the gradient will not be exact but merely an approximation!

e The discussed method for sensitivity analysis can be extendgehtral one-step methodexplicit or

implicit) and multiple-step methods

e Similar strategies concerning sensitivity analysis were suggested by Caracotsios and Stewdrt [CS85], Maly
and Petzold[[MP96], and Brenan et al. [BCP96]. A comparison of the different approaches can be found in

Feehery et al.[[FTB97].
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7.5.2 Adjoint Equation Approach

Adjoint Method |
The adjoint method avoids the calculation of the sensitivifigs
Computegradient w.r.t.z of a function

I'(z) :=v(Xo(2),Xn(2),2)
Euler's method:

Xi-l-l(z) = Xi(z)+hif(ts, Xi(2),us), t=0,...,N—1

Adjoint Method Il
Auxiliary functional:

N-—-1
J(2)=T(=)+ } Aip1 (Xit1(2) = Xi(2) = hif (i, Xi(2),us))

with multipliersA;, 2 =1,...,N.
Differentiation of J w.r.t. z: Eliminate terms withS(¢;)!

J'(z) = (’Y;O —Af — hOAIf;[tOD - So+ (’Y;N + A;) SN +.
et T T T i T
’
+ 3 (WA - f]) - Si— 3 R Ak
Adjoint Method IlI
Adjoint equation:(backwards in time)
A= AL R [t =0p,, i=0,...,N—1

Transversality condition aty:
AN = Yoy (Xo(2), XN (2),2)-
Gradient: N1 o
7@ = (=27 ) So+al= 3 hALL SIS

Adjoint Method IV
It remains to show thaf’(z) = I/ (2):

Theorem 7.30. It holds
. N-—-1 T Ou:
’ 7 _ ’r . r . Ay T
I'(2) = J'(2) = (¥, = Ag ) - S0+ PRLEN A

Proof
Proof. Multiplication of the sensitivity equation

’ ’ Ou; .
Si+1 —_ S,L —_ hsz[tl]Sz — hl‘fu[t”']ai = Onza 1= 0,. .o ,N -1
z
by A/, from the left yields

Bu,- 3
—hA L = A S A A S A fLI]Ss =0,
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Proof

and hence
J'(z) = (7;0—)\3—) 'SO+’)’;
N-—1 - . .
/7
+3 (A2 Si+hAT  Falt]Si — AL i)
(70) , T , N-1 - -
= (’7930_A0)'SO+7Z+ Z (A‘L SZ—A1+1SZ+1)
1=0
(’7;0 —)\3—) -So +fy; +)‘(—)|—So _)\LSN
(71)
7;050 +% +’Y;N Sn
= TI'(2).
O
Conclusions

Result: Equation [(7R) provides a formula for the gradientIofwhereI" stands for each of the functions
F,G = (Gl,...,Gm),H = (Hl,...,Hp) in )

Effort: The adjoint equation has to be solved for each (!) componer,@¥, H in order to calculate
F’,G’,H’ in (59). This amounts essentially to solving an IVP of dimensign- (2 + m + p). The trajec-
tory (X;,¢=0,...,IN) has to be stored.

Notice: The effort does not depend on the number of variablébhe adjoint method is effective if only a few
constraints are present.
Adjoint Method: Remark
Remark 7.31. With H (¢, x,u,\) = A" f(t,z,u) the adjoint equation can be written as
Al =20 ki (ML (b @i wi, Aig)),  i=0,...,N —1.

At first glance:similar to explicit Euler's methodyackwards in timéstep size- h;), applied to adjoint differential
equationAT = —H".

But: ‘H is evaluated att;, x;,u;) and not at(t; 41, z;+1,ui4+1)! Thus, neither the explicit nor the implicit
Euler’'s method occurs, butmixed method— symplectic method, Hamiltonian systems).

For Further Reading
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7.6 Discrete Minimum Principle

Outline
Goals:

¢ derive discrete local minimum principle for Euler’s method
e compare to continuous local minimum principle

¢ find relation between discrete and continuous multipliers
e approximation of continuous adjoittand multipliersn and

Notation
Continuous multipliers:

A e Ft,z,u) -2 =0,
n - c(t,:c,'u,) S Oa
7 — s(t,x) <0,
o - Y(x(to),z(tr)) = 0.
Discrete multipliers:
Ait1 — ;i +hf(ts,x;,u;)) —x;41 =0,
Ci A c(ti,zi,u;) <0,
V; <« S(ti,.’Bi) S 0,
K — Y (xo,zN) = 0.
Auxiliary Functions
Hamiltoniadaugmented Hamiltonian
H(t’mauaAaeo) = )\Tf(t,ac,u),
H(t,z,u,\ o lo) = H(t,x,u,\ L)+ ¢ e(t,z,u).
Auxiliary Functions
Lagrangian
L(w’ua)HCaVaK’an) = EO‘P(wOawN)_i_K'Tw(wO’wN)

N-—1
+ > Ay @i+ hif (b, Tiywi) — Tig)
1=0

N N
+ z C;rc(ti,:ci,ui)—i— Z l/;rs(ti,a:i)
i=0 i<o

= Lop(zo,zN) + K Y(zo,zN) +{nc(EN, TN, UN)
N-1
+ Z (hiH(thwiaui?)\i-i-l,EO)+C;rc(ti7wi7ui))
1=0

N-—1 N
+ Z A;'—Jrl (i —xiy1) + Z vy s(ti, i)
1=0 =0
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Auxiliary Functions

L(CC, u, >\’ C? v, K’?£0) = ZOSD(CCOﬁBN) + I{TT,D(:DO, mN) + Cj—l\—]c(tNa TNy uN)

N-—-1 R C
th t;,x;, ia)‘i ,i,ﬂ
+ 3, it g )

N-1 N
+ z /\;'—Jrl (s — i) + z v, s(ti,x;)
1=0 =0

Discrete Minimum Principle
Evaluation of the first order necessary conditions of Fritz-John leads to

Theorem 7.32 (Discrete Local Minimum Principle). Assumptions:
(i) Letep, fo, f,c, s, be continuously differentiable w.r4: andu.
(i) Let(&,a) be alocal minimum of problepn 721.

Then there exist multipliergy € R, k € R™, A = (Xgy...,An) | € RPN+ ¢ = (¢o,...,¢n)T €
Rnc(N+1), V= (Vo,...,VN)T E Rns(N+1) W|th

(l) EO Z O’ (Eo,R,A,C,V) 75 G‘),

Discrete Minimum Principle
Theorem 7.32 (continued).

(i) Discrete adjoint equationfori = 0,...,N — 1 it holds

- . G\ A
Ai = Aip1+hiH, (ti’mhuia)‘i—{—laf;’eo + 8! (tiy @) Tv;

N-1 ~ Cj T N-1
= AN+ Z th; <tjaii'jaaj,>\j+17h’£0> + z S;(tj’jj)—ryj.
J=1 J j=i
Discrete Minimum Principle
Theorem 7.32 (continued).

(iii) Discrete transversality conditions:

Xo = — (b0l (B0,8n) T+, (20,28) k),

AN = Lol (R0,@N) T+, (£0,En) Tk

+c (tnyEnyan) T Cn + 8L (tnyEn) Tun.

Discrete Minimum Principle
Theorem 7.32 (continued).

(iii) Discrete optimality conditionsFor all 2 = 0,...,N — 1 and allu € U it holds

~ .. G .
H!, <tiawi7uia)\i+la ;aeo (u—1a;) > 0.

(2

Furthermore, it hold ¢, (t N, &n,an) (u —an) > 0 forall u € U.
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Discrete Minimum Principle
Theorem 7.32 (continued).

(iv) Discrete complementarity conditionk:holds

¢ > 0,, i=0,...,N,

vi > 0, t=0,...,N
¢l e(tsy®i,a;) = 0, i=0,...,N,
v s(ts,®:) 0, ¢=0,...,N.

Approximation of Adjoints |
Problems with mixed control-state constraints and without pure state constraints ¢, s = 0):
Adjoint differential equation (cf. Theoren 7.6):

A(t) = _7:‘;: (t,2(t),a(t), A(t)an(t)aeﬂ)-r°

Discrete adjoint equation:

Aig1 — s N o ¢ T ‘

+h7:—7'£;: (tiawia’ui,Ai_F]_,h.,eO) , 'L:O,.-.,N—l.
? k2

Relation: .

h—’zn(ti), i=0,...,N—1

i

Approximation of Adjoints I
Problems with pure state constraints and without mixed control-state constraints ¢, c = 0):
Adjoint equation in integral form (cf. Theorgm 7.8):

O =2+ [T S [T s rldr), Vet

Continuous transversality condition:

M) T = togl,, (2(to), x(t5)) + 0T, (2(to), (k).

Approximation of Adjoints Il
Discrete adjoint equation and transversality condition:#er0,...,N — 1

N-1 N-1
Ni = AN+ Y RHL (85,05 A1, 00) T+ Y syt E5) Ty
= =i
= Lo, (20, 2n) "+ (Z0,EN) K
N-—-1 N
+ 3 R (2 A, Arnslo) T+ Y sy (b, 25) Ty

1=t J=1

t t
~f, T H, " Tdr =7 st [r1T du(r)
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Approximation of Adjoints IV
Interpretation:

e KO
e Approximation of continuous multipligt:
v; = p(tizr) — p(ts), 1=0,....N—1
vy is interpreted agimp height at = t¢, i.e.
vNn = p(ty) —p(ty)-
Notice: The continuous multiplie may jump att ¢!
Approximation of Adjoints V

e Furthermore, we interprete

AN = Llowy (R0,2N) " + 4, (Z0,2N) " K +s5(EN,2N) TvN

z)\(tf)

asleftsided limitA(z; ) of the continuous adjoink.
Notice: The continuous adjoink may jump att (caused byu)!

Approximation of Adjoints VI
The complementarity conditions yield

0n, <v;= p(tit1) —p(ts) — monotonicity ofu
Sincev, s(t;,x;) = 0 it follows
8(tis i) < On, = On, = v = p(tit1) — p(ti),

which corresponds tp being constant on inactive subarcs.

Remarks
Remark 7.33.

e The variableu only occurs in the constrairt(¢ v, N, un) < 0,, and has no impact on the objective
function.

e In the continuous case, global minimum principle54) resp. [(5p) holds. In the discrete case there is in
general no global minimum principle!

Only anapproximate minimum principleolds, cf. MordukhovicH [Mor€&8].

Under additionalconvexity-like conditionalso a discrete global minimum principle can be proved, cf. loffe
and Tihomirov [IT79], Section 6.4, p. 277.

For Further Reading
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7.7 Convergence

Convergence of Euler’s discretization
Optimal control problem:

Minimize

S.t.

Convergence of Euler’s discretization
Discretization:

Minimize

S.t.

Tit1 — T4

h

p(z(ty)) +/0tf fo(z(t),u(t))dt
:B(t) - f(w(t)au(t)) =0ny >
J’(0) —&=0q,,

$((ts)) = Ony

c(z(t),u(t)) < Op,

1

N—
e(xn)+h z So(xi,us)

0

— f(zi,u;) = Op,,

:EO_S:Onma
’l,[](ﬂ)N) :OTLw?

c(xi,u;) < Op s

Assumptions |
Assumptions:

() Let fo, f,c,p, 1 becontinuously differentiablgvith locally lipschitz-continuous derivatives

(i) There exists alocal solutigf®, @) € C*([0,t¢],R™=) x C([0,ts],R™) of the optimal control problem.

Assumptions Il

(iif) Uniform rank condition fole: There exists a constaat > 0 with

€2y, 8] @l > lldl]

Notation:

J(t) = {i | ci(2(),a(t)) = 0}

Assumptions IlI

vd € RI®l ae. info,ty].

index set of active constr. &t

cawlt] active constraints dt

(iv) Surjectivity of linearized equality constrainfEhe BVP
9(t) — A()y(t) — B(t)v(t) = 0nyy  y(0) =0Ony, ¥ (2(t5))y(ts) =h

has a solution for everfy € R™+, where

A(t) =

B(t) =

16 (1

-1
FI0 = P00l (rmultidrmultT)  realth

—1
— S ullT (Cr0ultlcrw.L7) CQ(t),w[to '
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Assumptions IV

(v) Coercivity:

There existg3 > 0 with .
d"H,[tld > Bl d||?

for all d € R™» with
i+ (t,ultld = 017+ (1))

Notation:
T (t):={ie T(t) | ni(t) >0} : n;denotes multiplier for;
Assumptions V
(vi) Riccati differential equationThe Riccati differential equation

Q(t) = —Qt) fult] — fult] T Q(t) — His[t]
< ﬂ,’du [t] Cfﬁ- (t),u[t]—r > .

7:‘// [t] T _fl [t]T T
+ [( CfH—(t),m[t] ) +Q(t)( O] ) cf]_,_(t)’u[t] O]

U oramT Hitw[t]
|:( ) )Q(t)+< C{I+(t),m[t] ):|

has a bounded solutia® on [0,t].

Assumptions VI
Q satisfies the rank assumption:
dT(T=Q(ty))d>0  VdeR™ : 4y (2(ty))d=0n,,
where

”
xrxT

Ti= (o(@(t) +0] $(3(t)))
Convergence of Euler’s discretization
Unter the above assumptions the following convergence result holds:

Theorem 7.34. Let the assumptions (i)-(vi) be fulfilled. Then, for every sufficiently small stefsizé there
exist alocally unique KKT poin{(xzy, un, An,Chy Ko, k) Of the discretized optimal control problem and

max{||zn — &[/1,005 [[un — @locs [[ A — All1,005
ko — aolls ll1kr — ozl lnn —nllec} = O(h),

where);, denotes the discrete adjoingy, the discrete multiplier for the mixed control-state constraintg,the
discrete multiplier for the initial condition, and ¢ the discrete multiplier for the final condition.

The lenghtly and difficult proof can be found in Malanowski etlal. [MBM97].

Remarks
Remark 7.35.
e The assumptions (v) and (vi) together ardficientfor local optimality of(&, ).

e Similar convergence results can be found in Dontchev et al.[DHIVIO0, DHVO0O0Db].
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Convergence of Runge-Kutta Discretizations
Optimal control problem:

Minimize p(x(1))
S.t. z(t) = f(z(t),u(?)), t€[0,1]
z(0) = ¢&.

Convergence of Runge-Kutta Discretizations
Discretization by Runge-Kutta:

Minimize p(xN)
Tr+1 — Tk
h

s
s.t. = Z b,-_f(m,uk,-), k=0,...,N—1,
i=1

N, =T+ h z aijf(nj,ukj), 1=1,...,s,
j=1
o :é..

Notice: An own optimization variablet,; is introduced at every stage!

Assumptions |
Assumptions

e Smoothness(notice:w is at least continuous!) The optimal control problem has a solution
(&,4) € WP°([0,1],R™®) x WP~1:>°([0,1],R™), p> 2.
The firstp derivatives off and arelocally lipschitz-continuouin some neighborhood dfz, i).
Assumptions Il

e Coercivity: There existgx > 0 with

B(z,u) > a”“”% V(z,u) € M,

where
B(z,u) = ;(m(l)TVa:(l)+/Ola:(t)TQ(t)a:(t) +2x(t) T S(t)u(t)
+u(t)TR(t)u(t)dt>
Assumptions 11l
and
A(t) == fo(2(t),a(t)),  B(t):= f,(&(t),a(t)),
V= "(2(1)), Q) :=H, (2(t),a(t), (),
R(t) :==H,, (&(t),a(t),A(t)),  S(t):=H,, (), a(t),A(?)),
and

M= {(m,u) e wh2([0,1],R™) x L?([0,1],R™) | & = Az + Bu, z(0) = 0}.
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OCP Order Conditions
OCP order conditiongs%4 IVP order conditions for Runge-Kutta methods)

Order | conditions ¢; = ¥ a;j, dj = S b;a;;)
p=1|3%b=1

p:2 Zdz:
1 1 <dZ _ 1
p=3|Ycdi=5,Yb; 7’271-25
1 1 1
p=4|Ybc} =1, zb ciaije; = 5, ydic? = 75, Y diasjc; = 5,
c.id2 1 d3 1 biciaijdj 5 d,,;a,,;jd]- 1
zbiz_lz’ztﬁ Z’Z b _ﬂ’z b — 8

J J

Convergence of Runge-Kutta Discretizations

Theorem 7.36. Let thesmoothness conditiothe coercivity conditionandb; > 0,7 = 1,...,s hold. Let the
Runge-Kutta method fulfill th @ CP order conditionsip to orderp, cf. table.

Then, for sufficiently small step sizeghere exists atrict local minimumof the discretized optimal control
problem.

Convergence of Runge-Kutta Discretizations

Theorem 7.36 (continued). If <=1 Is of bounded variationthen
R {lles — :v(tk)ll + [ Ak = A(e) |+ llw* (@, Ak) — @(te) (|} = O(RP).
If ‘fm, 4 js Riemann integrablghen

Jmae {llz = ()1l + 2 = Mt + [lu* (s M) — ) I} = o(h? 7).

Herein,u* (x, A ) denotes a local minimum of the Hamiltoniaf(x, w, Ax) W.r.L. u.

The lengthly and difficult proof can be found in Hager [Hag00].

Example
The subsequent example shows, that the condltjos 0,7 = 1,..., s is essential.

Exampler.37 (Hager [Hag00], p. 272).Consider
. 11 a o . 1
min 5/ w(®?+20(t)dt st @(t) = a(t) +ult), 2(0) = 1.
0

Optimal solution:

#(t) =

2exp(3t) + exp(3) a(t) = 2(exp(3t) —exp(3))
exp(3t/2)(2+exp(3))’ exp(3t/2)(2+exp(3))’

Example

Example7.37 (continued). modified Euler's method:
0 0O O
1/21/2 0

Heun’s method:



Example
Example7.37(continued). Error of the state: for the norm|| - || for Heun’s method

N error of z | order
10 | 0.2960507253983891E-02 -
20 | 0.7225108094129906E-032.0347533
40 | 0.1783364646560370E-032.0184174
80 | 0.4342336372986644E-042.0380583
160 | 0.9861920395981549E-05 2.138531
320 | 0.2417855093361787E-052.0281408

Heun’s method converges at second order!

Example
Example7.37(continued). Error of the state: for the norm|| - || for themodified Euler's method

N error ofz | order
10 | 0.4254224673693650E+00 -
20 | 0.4258159920666613E+00-0.0013339
40 | 0.4260329453139864E+00-0.0007349
80 | 0.4260267362368171E+00 0.0000210
160 | 0.4261445411996390E+00-0.0003989
320 | 0.4260148465889140E+00 0.0004391

Example
Example7.37(continued).

e No convergence!

e Numerical solution fodV = 40: strong oscillation#n controlu betweerD att; + h /2 and approximately
—1/(2h) att;:

Example

Example7.37(continued).Error of the stater for the norm|| - || o for themodified Euler’'s methodith piecewise
constant control approximation

N error ofz | order
10 | 0.3358800781952942E-03 -
20 | 0.8930396513584515E-041.9111501
40 | 0.2273822819465199E-041.9736044
80 | 0.5366500129055929E-052.0830664
160 | 0.1250729642299220E-052.1012115
320 | 0.7884779272826492E-060.6656277

Modified Euler’'s method with piecewise constant control approximation converges at second order!
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7.8 Direct Shooting Method
Direct Multiple Shooting Method

z0 J

ThsYh \/ \\\\\\\\\\ x N
(BDF, RK) ?\/ \_/

Up, uo uN
(B-Splines) /_\_/

—t—t—tt +—— \

T I I T
Control grid to tN
State grid %o th

B-Splines
Elementary B-splines of ordér € N: Recursively defined by

1 L 1, if T,;St<7’i+1
Bi(t) := { 0, otherwise ’
(73)
t—Ti _ T5 —t _
BEt) = — B ')+ ————BI ()
Tit+k—1 — T Tit+k — Tit+1
where
to, if1<i<k,
T +— ti—k:a Ifk?+1SZSN+k:—1,
tn, IN4+k<i<N+2k—1.
Auxiliary grid:
GFi={r|i=1,...,N+2k—1} (74)
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Porperties of B-Splines
Properties:

e B-Splines date back to de Boar [DB78].
e Evaluation of recursior (13) is well-conditioned, cf. Deuflhard and Hohnfann [DH91].
e Elementary B-Spline8F,i =1,...,N + k — 1 arepiecewise polynomials of degrée— 1.

They definebasis of space of splines

{s() € C*2(1to,ts1,®) [ 5],y € P (Itstia)) | -

Porperties of B-Splines
e Fork > 2itholds B¥(-) € C*=2([to,t¢],R). Fork > 3 it holds the recursion

d k—1 k—1
—Bf(t)=———B; '(t) - ———B{; (¢).
dt Titk—1—Ti Tit+k — Tit+1

e The elementary B-Splines halexal supporeaind

k >0, ifte (1 Titr),
B; (t){ =0, otherwise

Some Elementary B-Splines
k = 1: piecewise constant functions
k = 2: continuous, piecewise linear functions

t—T1; .
_ if TiSt<Ti+1?
2 T Tit
N = Ti 2 1
B; (t) H_i, if Tit+1 <t< Ti4+2
Tit+2 — Tit1
0, otherwise

Some Elementary B-Splines _ _ _ _
k = 3: continuously differentiable, piecewise quadratic functions

(t—m)? _
ift € [m,Tit1
(Ti—i—(2—TigETi+l_T)i), ( \( ) [7is Tit1)s
t—7i)(Tiq2 —t Tigs —t)(t— 71 .
iftE [mie1,Tiae
B} () = (Tit2 —7i)(Tit2 =) (Tits —Tit1)(Tit2 —Tit1)’ [Tit1,Tit2),
(i3 —1) _
ift € [Tiga,Tits)
(Tits —Tit1)(Tits — Tit2)’ : T4 Tips)
otherwise

o,

Some Elementary B-Splines
B-splines of orderk = 2 (left), k = 3 (middle), andk = 4 (right) for [to,tz] = [0,1] and N = 5 on

equidistant grid:
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Control Approximations
Discretized controlLinear combination of elementary B-splines

N+k—1
up(t) = Y e Bi(t) (75)

=1
with coefficients
Cc:= (Cl, ey CN+k+1) € R"™» (N+k_1).

Notice: uy, is fully determined by finitely many parameterg
Notation:

up(t) = up(t;c) = up(t;cry. oy CNyE—1)
c; are calledde Boor points

Advantages
B-splines possess twarlvantagefrom numerical point of view:

e |tis easy to construarbitrarily smoothcontrol approximations.
¢ B-splines possedscal supporti.e. the de Boor point; influences the valuay, (t) only if t € [7;, Titx].

This property leads to sparse structuref the gradient of the objective functional and the Jacobian of the
constraints. Exploitation of this sparsity leadg$det algorithms

State Approximation
Goal: derive reduced discretizatior« reduced discretization by Euler's method)
Ansatz:

¢ Replaceu in the differential equation by the approximatiep in (75).

State Approximation

e In everystate grid interva|T;, T;+41], 4 = 0,..., M — 1 starting at guesseX;, ¢ = 0,..., M — 1 solve
thelVP’s

&(t) = f(t,z(t),un(t;c)), =(T;) =X;
by someone-step methqdolution: X .

Notice: Control grid points inG,, are supposed to be grid points of the one-step metlbérwise, there
will be difficulties for nonsmooth control approximations!

State Approximation

e Replace the continuous state in the optimal control problem by the discretized state.
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State Approximation
Variables:
z:=(Xoy--rs Xns—1,¢) | € RPeMAnu(N+k—1)

State approximation: Putting together the piecewise solutioXs (¢;z), i = 0,..., M — 1 yields the ap-
proximation
Xi(t;2), ift € [T3,Tiq11), 1 =0,...,M —1,
X(t;2) :=
XM_I(TM;Z), ift= ts.

Reduced Direct Multiple Shooting Method
Introducing X anduy, into the optimal control problem yields the following finite dimensional optimization
problem:

Problem 7.38 (Reduced Direct Multiple Shooting Method).Find z = (Xo,..., Xa—1,¢) | € R?eM+tnu(N+k—1)
such that

P (Xo, X (T 2))

is minimized subject to

Y (Xo, X (T3 2))

= On¢a
c(ti,X(ti;z),uh(ti;c)) < Opy, t=0,1,...,N,
S(tiax(ti;z)’uh(ti;c)) < Onsa t=0,1,...,N,
uh(ti§c) € [uminaumam]a t=0,1,...,N,

Reduced Direct Multiple Shooting Method

Problem 7.38 (continued).and continuity conditions at the nodé&5:

Xi(Ti+1;Z)—Xi+1:0nm, iZO,...,M—l.

Reduced Direct Multiple Shooting Method
Remark 7.39.
e Of course, anindividual B-splinewith different order may be used for each component of the coatrol

e In this approach wdirst chose a parametrization of the control aafterwardsdiscretized the differential
equation using that control approximation.

The other way around is also possiblEirst choose a discretization scheme for the differential equation
(e.g. some Runge-Kutta method) and consider the required function valuethefein as optimization
variables.

Reduced Direct Multiple Shooting Method
Modified Euler's method

0] 0 o
1/2|1/2 0
0 1

requires function values af att; andt; + h/2.

Instead of a priori using a piecewise constant control approximation, it could be a good idea not to fix the
control approximation too early.

Hence,u; andu;;,/» are considered as independent optimization variables.

But: An earlier example showed especially for modified Euler's method that this strategy may fail!
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7.9 Grid Refinement

Grid Refinement
So far: Solution on a fixed grid
Goal: Grid refinement depending on discretization error
Assumptions:

e We use a Runge-Kutta method of orgefor the discretization of the differential equation of the optimal
control problem. In addition, we havesacond method of order+ 1 (ideally, animbedded Runge-Kutta

method.
e On the grid
Gi={to<t1 <... <ty =ts}
a numerical solutior;, i = 0, ..., N of the discretized optimal control problem is given.

Grid Refinement
Estimation of the local erroi(cf. section on automatic step-size selection)

erm:= [|n(t+h) —n(t+h)|

Notation: n(t+ h): solution of one step of the Runge-Kutta method of ondefj(t + h): solution of one step
of the Runge-Kutta method of ordpr+ 1

Grid Refinement
Estimation of local error for existing solutian;:
In every grid intervalt;, t;+1],2 =0,...,N — 1 itholds

err; 1= ||:L‘i+1—'l7i+1”, 1=0,...,N—1,

Whereﬁi_H =x; + (ti+1 — ti)‘i)(ti,wi,ti+1 — ti)), 1=0,...,N—1.

Grid Refinement
Possible goals:

e equally distributed local error:
max eff;

1=0,...,N—1 .
- — min
min  err;
+=0,...,N—1
e reducing the maximum error:

max er; — min
1=0,...,N—1

Grid Refinement
The subsequent heuristic intends to minimize the maximum error.
Algorithm: Grid Refinement

(0) Lettol > 0, hyin > 0 and some initial gridc = {to < t1 < ... <ty =ty } with N € N be given.
(1) Solve the discretized optimal control problem@rand compute the local errors gri = 0,..., N — 1.

(2) If  max (e < tol, then stop (the discretization error is within the tolerance).

1=0,...,U0N —

(3) Fort =0,...,N —1 add the grid poinf# to G, whenever egr> tol and|t; 41 — t;| > hmin hold
for the interval[t;, t;41].

(4) Let N be the number of intervals of the refined grid. Go to (2).
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Grid Refinement

Additional modifications:

Add grid points close tmumerical end points of active control or state constrasitice at these points the
largest error has to be expected.

Alternative Approaches

e Betts and Huffman [BH98] discuss a generalization of our approach. Their approach is also based on the
estimation of the local error of the employed one-step method and may add more than one grid points per
refinement step within each interval.

e Further investigations of refinement strategiesdate and control constraintan be found in Betts and
Huffman [BH98] and Buskens$ [BlsP8].

Alternative Approaches

e The grid refinement strategies of Laurent-Varin et al. [LVBBI] are based on the discretization of the nec-
essary conditions (minimum principle) by Runge-Kutta methods and the application of Newton's method.
Newton’s method allows to estimate the error to the exact solution numeriddllg. approach estimated
theerror in the necessary conditigrs particular, also the adjoint is included.
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7.10 Dynamic Programming
7.10.1 The Discrete Case
Dynamic Programming for Discrete Optimal Control Problems

Problem 7.40 (Discrete Optimal Control Problem). Minimize

N
F(z,u) = Z Jo(tj,z(t;),u(ts)),
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w.r.t. the grid functions: : G — R™ andu : G — R™» subject to

w(tj-l-l) = f(tj’w(tj)ﬁu(tj))7 j=0,1,...,N—1,
z(t;) € X(t), j=0,1,...,N,
u(tJ) € U(tj7x(tj))7 J=0,1,. -»N.

Examples: inventory problems, discretized optimal control problems

Dynamic Programming for Discrete Optimal Control Problems

Remark 7.41. Usually, the setsX (t;) are given in terms of inequalities and equalities:
X(tj) = {113 S IRnw | g(tj,.’B) S 0, h(tj,:E) = 0}.
Accordingly, the set®/(t;,«) often are given by
U(tj,x) = {u € R™ | §(tj,xz,u) <0, h(tj,z,u) = 0}.
Important special case: box constraints

u(t;) € {v= (vl,...,vnu)—r ER™ |a; <v; <bj,j=1,...,n,}.

Optimality Principle of Bellman
Notation:

o fixed time pointt,, € {to,t1,...,tN}
o Gp:={t;|j=k,k+1,...,N}
o & € X (ty) feasible
Optimality Principle of Bellman
Consider the family of discrete optimal control problems:

Problem 7.42 (Discrete Optimal Control ProblemP (¢, &)). Minimize

N
> Jfolty,z(t;),u(t;))
ji=k
w.r.t. the grid functiong : G, — R™* andwu : G, — R™ subject to
w(tj-i-l) = f(tj,w(tj)au(tj))7 j:kal?“'aN_la
w(tk') = &,
z(t;)) € X(t)), j=kk+1,...,N,
u(t;) € Ul(ty,x(t;)), j=kk+1,...,N.

Optimal Value Function

Definition 7.43 (Optimal Value Function). Let t, € G. For& € X (tx) let V (tx,2) denote the optimal
objective function value of probled® (tx, ). For& &€ X (tx) defineV (ty, &) = oo.

The functionV : G x R™ — IR, (tx, &) — V (tx,2) is calledoptimal value functiorof the discrete
optimal control problem.

Optimality Principle of Bellman
It holds

Theorem 7.44 (Optimality Principle of Bellman). Let&(-) and@(-) be optimal for problerh 7.40.
Then,z|g, andi|g, are optimal forP(tx,&(tx)).
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Optimality Principle of Bellman: Proof
Proof. Assume thatt|g, and|g, are not optimal forP(tx,&(tx)). Then, there exist feasible trajectories
Z : G, — IR™ anda : G, — IR™ for P(ty, & (tx)) with

N N
.Zkfo(tj,j(tj),’a(tj)) < 'Zkfo(tj,fc(tj),ﬁ(tj))
and:ﬁ(tk) = iﬁ(tk)

Optimality Principle of Bellman: Proof
Hencex : G — IR™ andu : G — IR™ defined by

[ a(ty), fi=0,1,. k-1,
z(t;) = {a}(tj), it j =k k+1,...,N,

[ alty), fi=01,...,k—1,
u(ty) = {a(tj), it j=kk+1,...,N,

are feasible for problefn 7.0 and satisfy

k—1 N N
> Jfo(tj;2(t),a(t;))+ 5 Ffo(t;,@(t;),a(t;)) < Y fo(ts;&(t;),a(t;))-
j=0 i=k Jj=0
This contradicts the optimality a&(-) andda(-). O

Optimality Principle of Bellman

The decisions in the time periods k 4+ 1,...,N of problem[7.4D for givenc;, areindependenof the
decisions in the perioth,t1,...,tx_1:

Bellman’s Optimality PrincipleRemaining optimal trajectories remain optimal

(it ot

y

|
|
|
|
|
|
|
I

Optimality Principle of Bellman
Essential assumptions:

Stagewise dependencies:
e x(t;y1) depends only ot;,z(t;), u(t;)!
e The objective function is separable!

e The constraints refer only to the grid poit

The optimality principle does not hold, if, e.g(x(to), z(tn)) is to be minimized ot (x(to),x(tn)) =0
is supposed to hold!
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Dynamic Programming Method
Bellman’s Method of Dynamic ProgramminBecursion of optimal value function

Y

tj tjta tN

Recursion for Optimal Value Function
Optimal value function folP (tn,x)):

V(tN,.’B) = uetrjlg,g 2) fo(tN,a:,u).

Assumption:The optimal value functioV (¢;41, x) is known for everyr € IR™=.
Optimality principle

V(tjam): min {fO(tjamau)+V(tj+1’f(tj7m7u)}7 j:071""’N_1'

u€U(t;,x)

This is a recursion for the optimal value function; backwards in time!
Optimal initial valuez (o) of problen] 7.4D:

#(to) = in V(to,x).
Z(to) arg min (to,)

Dynamic Programming Method (Version 1)
(i) Backward

1. Let V (tn,x) be given by[(7P).
2. Forj = N —1,...,0: ComputeV (¢;,x) as in [77).
(ii) Forward

1. Let&(to) be given by[(7B).
2. Forj =0,1,...,N —1: Determine

a(t;) = afgueU{gl,g(tj)) {Fo(tj, 2(tj),u) +V (tjt1, F(t5,2(t5),u))}

and let&(t;41) = f(t;,&(t;),0(t;)).
3. Determined(tn) = argming ey ¢y, 2(tn)) Jo(Ens E(tn),u).
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Dynamic Programming Method (Version II)

(i) Backward

1. Let V (tn,x) be given by|(7p) and* (¢, x) the corresponding optimal control.

2. Forj = N —1,...,0: ComputeV (t;,x) asin[77). Lew*(t;,x) be the corresponding optimal
control att; andx (feedback control!).

(i) Forward
1. Let&(to) be given by[(7B).
2. Forj =0,1,...,N —1: Determine(t;) = u*(t;,&(t;)) and
®(tjy1) = f(t5,2(t5),a(t;))-

3. Determinet(tn) = u*(tn, Z(tN))-

Remarks

Remark 7.45. Both versions yield an optimal solution of the discrete optimal control propleny 7.40. Version Il is
more preferable focalculations by handsince it produces an optimal feedback control la#vas a function of
time and state-~ suitable for controllers!).

Version | is more preferable fotomputer implementationsince it is not necessary to store the feedback
control lawwu*. Hence, version | needsss memorybut the result of the algorithm is only the optimal trajectory
of x andw as a function of time (open-loop control).

Remarks

Remark 7.46. The main disadvantage of the dynamic programming method is the so-called curse of dimensions.

In the worst case it is necessary to investigate every discrete trajectory. Nevertheless, the method works well
for low dimensions or special problems like assignment problems, knapsack problems, inventory problems with
integer data.

For Further Reading
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7.10.2 The Continuous Case

Optimal Control Problems and Hamilton-Jacobi-Bellman Equation
We consider optimal control problems startingatc [to,tf] in ¢, € R™*:

Problem 7.47 (Optimal Control Problem P (¢, x.)). Findx € W1 ([t.,ts],R™®) andu € L°°([t.,tf],R™>),
such that

F(usta,a) = e@(t) + [ folta(®),u(®)dt (79)
is minimized subject to
ﬂz(t; = f(t,z(t),u(t)) a.e. in[t.,ty],
x (L. = T,
u(t) € U a.e. inft.,te].

Optimal Value Function

Definition 7.48 (Optimal Value Function). For (t.,x.) € [to,tf] X R™* theoptimal value functioris defined
as
V(te,x,) := inf F(uste, xy).
(ts, ) u:[t*l,rtlf]—>u (usts, )
@ [te,ty] — Uis calledoptimalforP (t.,x.) if V (t.,xs) = F(@;ts, ).
Recursion of Optimal Value Function
Similar as in the discrete case, there is also a continuous version of of Bellman’s recursion:

Theorem 7.49 (Optimality Principle of Bellman). For every(t.,z.) € [to,tf] X R™* the optimal value func-
tion satisfies the recursion

V(te,zs) =  inf (/: fo(T,a:(T),u(T))dT+V(s,w(s))) Vs € [ta,ts),

w:ty,s]—U
wherex is given by (1) = f(7,2(7),u(7)), x(t+) = . and it holdsV (¢, x.) = @(x«).

Recursion of Optimal Value Function

Theorem 7.49 (continued).If @ is optimal, then
V(te,xs) = /t Jo(m,2(1),a(7))dr +V(s,2(3)), Vs € [t*’tf)’ (80)
wherei denotes the state correspondingito

Proof
Proof. First we show £*:
Lets € [ts,tf), u: [ts,ty] — U, anda : [s,ty) — U be arbitrary. Define

_ | u(r), ifT€E[ts,s),
“(T)—{ a(r), it € [sits).

Obviously,a(7) € U for all T € [t.,ty).
The corresponding of (1) = f(r,z(7),u (7)), (t.) = x, satisfies

_ [ x(7), ifTE]Jts,s),
z(r) = { &(r), ifT€[s,ty).
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Proof
By the definition ofV' it holds

tr
V(toz) < [7 fo(ra),a(m)dr+ ()
= /t fo(mz(r),u(r))dr + F (i s,2(s)).
Passing to the infimum over all : [s,ty] — U and allu : [t.,tf] — U yields

V(tez) < inf ( /[ fo(r,m(r>,u(f>>df+V(s,x<s>>) . (81)

wifts,tp]—U

Proof
Now, lete > 0 arbitrary andw : [t.,t¢] — U with F(u;t., x.) < V (L., z.) +€. Then,

V(te,ze)+e > F(ujte,x,) = /S fo(ryx(7),u(7))dr 4+ F(u;s,x(s))
ta
> [ fo(ra(m),u(r)dr +V(s,a(s)
> V(ts, ).
For optimal4a above inequality holds with = 0. O

Recursion of Optimal Value Function
Using Bellman’s recursion it is possible to derivpartial differential equatiofor the optimal value function.

Theorem 7.50 (Hamilton-Jacobi-Bellman Equation).Let @ be optimal. If the optimal value function dsffer-
entiableat (¢, x) € [to,tz) X R™* and is continuousat ¢, then it holds

ov ov
E(tﬁn) +H <t7m’ﬁ(t)7 ax(t’m)) =0

whereH denotes the Hamiltonian.

Proof
Proof. From [80) it follows

V(t+h,2(t+h))—V(t2())
W =
Passing to the limik. — 0 yields the assertion. O

t+h
—%/t Fo(ry2(7),a(r))dr.

Recursion of Optimal Value Function
The solvability of the Hamilton-Jacobi-Bellman equation is even sufficient for optimality:

Theorem 7.51 (Sufficient Optimality Condition). Let W : [to,t¢] X R™* — R becontinuously differentiable
with

W(tg,x) = o(tg,x), Vz € R™*,
oW _ oW .
W(t,m) +1irelzf:tH t,w,u,a(t,w) = 0, V(t,x) € [to,tf) X R™=.

Then:
W(t,z) < V(t,x) V(t,z) € [to,ty) X R™=,

If in addition & assumes the infimum for atec [to,t¢], thena is optimal forP(t,x) andW (t,z) = V (t,x).
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Proof
Proof. Let(t,x) € [to,ty) X R™ andw : [¢t,tz] — U arbitrary. Then:

Fasta) = [ folra(m),u)dr +e(ats)

ty ty d
- /t fO(T,a:(T),u(T))dT—i-W(t,w)+/t W (r,a(r)dr
=W(ts,z(ty))—W(t,x)=¢(z(ty))—W(t,x)

= /ttf fo(r,(r),u(r))dr + W (t,2)

+ [ |G e+ D e fna () um)| dr
> Wi(t,x).

Passing to the infimum over all yields V' (t,z) > W (t,x).

Proof
If @ yields the infimum of the Hamiltonian w.r4:, then analogously it follows

V(t,x) = F(ast,x) = W(t,x) < V(L,x)

and is optimal. O

Construction of Optimal Feedback Controls
Using the Hamilton-Jacobi-Bellman equation it is possible to construct feedback controls:

e Determineu*(t,x,\) from the (global) minimum principle:

u*(t,z,\) = argmin H (¢, z,u, A).
ueU

e Solve the Hamilton-Jacobi-Bellman equation (if possible).

e Compute the optimal stat& by solving
&(t) = f(t,z(t),u"(t,z(t), W, (t,z(t)))),  x(to) = o
and the optimal contrak according to

a(t) = u”(t, (), W, (2, (1))

Remarks
Remark 7.52.

e Unfortunately, the optimal value function oftenrist differentiable especially in the presence of control
and state constraints.

Exception:convex linear-quadratic optimal control problems

e The computational effort for solving the Hamilton-Jacobi-Bellman equation (partial differential equation)
is very high. Hence, the method is only numerically reasonablbfostate dimensions

o WithA(t) := %(t’ Z(t)) the adjoint\ can be interpreted asensitivityof the optimal value function w.r.t.
&. In economical sciencesis known ashadow price
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8 Examples and Applications Revisited
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Contents
e Brachistochrone-Problem
e Hager's Counter Example
o Differential Inclusion Motivated by Uncertainty
e Minimum-Energy Problem
o Vertical Ascent of a Rocket
e System of two Water Boxes
e Climate Change Model
e Elch-Test
¢ Emergency Landing Manoeuvre

e Robots

The Brachistochrone-Problem

Reachable Set for Brachistochrone-Problem
differential inclusion (coordinate change fgs(-))

z'(t) € F(t,xz(t)) forae.te€0,1]
x(0) € Xo

with the data

F(to) = (ftawluett), ftew = (VEoe),

U=[—m+n], Xo = {<(1)>}

calculations by I. A. Chahma show the convergence of (nonlinear) Euler's methdd for, 8, 16, 32 (reference
set usedV = 64)

The Brachistochrone-Problem

Approximation of Reachable Set withIN = 4




Approximation of Reachable Set withlN = 8

12

Hager's Counter Example

Optimal Control Problem

Minimize L
1
J(zu) = 5/(u(t)2 +2a(8)?)dt
0
subject to
, 1
z'(t) = Em(t) +u(t) (a.ete]o,1]),
z(0) = 1
The optimal solution is
2 3t 3 2 3t _ .3
w*(t)= € +e u*(t)= (e e )

e%t(2+e3) ’ e%t(2+e3) .

Hager’'s Counter Example

Disturbance of Optimal Control
disturbed differential inclusion

z'(t) € A(t)z(t) + B(t)U(t) foraet e [0,1]
ac(O) S Xo

with the data

At) = (3), B(t) = (1),
U(t) =[u"(t) —e,u*(t)+e], Xo={1}

R(ts,0,Xo) C R contains the end-value* (1)
calculations use = 0.1,0.01,0.001
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Hager's Counter Example
Reachable Set fore = 0.1,0.01,0.001, 1D

0.75

0.7

0.65

0.55

0.45 I I I I I I I I I
0

Hager's Counter Example

Solution Funnel for e = 0.1, 1D
1

09F \ i
\\
\
N\
0.8 \ B
N
€T o07h
—_— -
06 4
A R
050 —
[
04 . . . . . . . . .
0 0.1 02 03 0.4 05 0.6 07 08 0.9 1

Hager's Counter Example
Solution Funnel for e = 0.01, 1D
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095F \ |

0.9- \ g
085 \\

0.8l \, 4

x A
0.75 i

0.65 b

06 \//—

0.55 I I I I I I I I I
0

— optimal solution

Differential Inclusion Motivated by Uncertainty

Uncertain Parameters in Oscillation
forced undamped oscillation

y" (t) +4y(t) = sin(t) -u(t) fora.e.t €[0,10],
||[w(t) —uoll2 < &1 fora.e.t € [0,10],
1y(0)[lp < e2

ug theoretical amplitude of the force,

yo theoretical starting value,

u(t) uncertain, bounded amplitude of the force,

€1 error bounds for amplitude; error bounds for starting valupg,€ {2, co} chooses the norm

Differential Inclusion Motivated by Uncertainty
corresponding differential inclusion

Uncertain Parameters in Oscillation
differential inclusion

z'(t) € A(t)x(t) + B(t)U fora.e.t € [0,10]

with the data

a0=(" o) BO= (i)

U= [uo—el,uo —|—€], Xo IBsz(SCo) or [—62,62]2
calculations useip = 3, e1 € {0,103}, o = (J), €2 € {0,1}

Differential Inclusion Motivated by Uncertainty

Reachable Set for Different Uncertainties
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0.960

T T T T O €1 = €9 = 0
ya - —e; =1073,
0.958 1 e2=0
5e4 y { : : //
0.956 / |
//// /
0.954 | -~ 1
length: 2e; —g1 =¢€9 =1073,
0.952 3 S s s p =00
0.3855 03860 03865 03870 03875  0.3880

Minimum-Energy Problem
Arod is fixed at the point$0,0) and(1,0) in the (x,y)-plane in such a way, that it assumes an angher.t.
the x-axis:

y(z)

What curve yields a minimum of the rod’s bending energy?

Minimum-Energy Problem

Reachable Set
differential inclusion

z'(t) € A(t)x(t) + B(t)U fora.e.t e [0,1]
x(0) € Xo

with the data

At) = (g é) B(t) = (2)
U = [uy,usz], Xo={=zo}

calculations usé&/ C [—6,0],
wo=(2),() ie.a=0,7

Minimum-Energy Problem

Reachable Set for several control se®&
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oU ={-2}

~U =[—6,—2]

1 —U=[-2,0]

4+ i

51 R

-2 -1.5 -1 -0.5 0 0.5 1

Minimum-Energy Problem
Modification: additional constrainj(z) < Ymax

Minimum-Energy Problem

Minimize
1
J(ylay%u) :/0 U($)2da’:
subject to
yi(z) = ya(x), y1(0) = y1(1) =0,
yp(z) = u(z), y2(0) = —y2(1) = tana.

and the state constraint
Y1 (w) — Ymazx S 0.

Minimum-Energy Problem
Numerical solution
for ymaez = 1/9, o = 45°, equidistant grid withV = 27, classical Runge-Kutta method:

statey (x): stateys (x):
0.12 1
0.1
0.5

0.08
0.06 / :\ 0
0.04

f i s
0.02

0 -1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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controlu(x):

Vertical Ascent of a Rocket

Reachable Set for Rocket Problem
differential inclusion (without end conditions and fuel consumption)

' (t) € A(t)x(t) + B(t)U + C(t) fora.e.t €[0,10]
x(0) € Xo

0= 3 mo=(2). c0=(5),

U=1[0,umay, Xo= {<g>}

with the data

calculations us@max = 100, normalized massr = 1, g = 9.81

Vertical Ascent of a Rocket

Solution Funnel, 2D, Viewpoint (48, 18)

1200
—reachable sets

forti:i,
1=20,...,10

1000

800
25600
— corresponding

supporting points
in same direction

400

200
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Vertical Ascent of a Rocket
All Reachable Sets fort; = ¢,7 =10,...,10, 2D

1000 -

|—reachable set
fort =10

800 -

600
T2

400 -

1— other reachable
sets

200

L L L L L
-1000 0 1000 2000 3000 4000 5000 6000
1

Vertical Ascent of a Rocket

Reachable Set
differential inclusion (reverse time(t) = 10 — ¢, y(t) = x(s(t)))

y'(t) € A(t)y(t) + B(t)U +C(t) fora.et € [0,10]

y(0) € Yo
with the data
A(t)=—A(t), B(t)=—B(t), C(t) = —C(t),
U = [0, umax, Yo = B( <iggg))

calculations usemax = 100, normalized massr = 1, g = 9.81,

one former end valug(10) = (o00) ande = 1000,100,10,1,0

Vertical Ascent of a Rocket
Reachable Sets foe =100,10,1,0

1200

1000~ T

800 b

—reachable set

soor 1 fore=10
Y2
400+ B
200 A
—reachable set
°r fore=0
200 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
-7000 -6000 -5000 -4000 -3000 -2000 -1000 0 1000 2000

Y1
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System of two Water Boxes
Given:

e 2 water boxes, water leved; (t) > 0 at timet in boxi = 1,2

e outflow ratesd < u;(t) <1,i=1,2

T (t)

uy (t)

o (t)

U2 (t)

Solution
Numerical solution folN = 999 and piecewise constant control approximation.

0.8

0.6

0.4

0.2

statexq: statexs:
4 6
3.5
\ 5
T\
25 4
2
3
15 \
1 \ 2
0.5
1
0
-0.5 0
0 2 4 6 8 10 0 2 4 6 8 10
1
0.8
0.6
0.4
0.2
0
controlwuy : controlus: 0

System of two Water Boxes

Reachable Set

artificial equationz; (t) = (10 —t) - w1 (t) +t - uz(t)

differential inclusion

z'(t) € B(t)U fora.eit €[0,10]
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with the data

-1 0 5
B(t) = 1 -1, U=[0,1?% Xo={|0]}
10—t t 0

tf
R(tf,0,Xo) = Xo+ [ B(t)Udt, calculations usey = 10

0
pure quadrature problem, reachable set = Aumann integral, no state constraints here!

System of two Water Boxes

Aumann Integral for I =[0,10], 3D

120

T3

Climate Change Model

Model Parameters
WBGU scenario:
(WBGU = German Advisory Council on Global Change) simple model of climate change assessment:

F(-): cumulation ofC O, emissions caused by humankind
C(-): carbon concentration
T(-): global mean temperature
E(-): CO; emission profile controlling the allowa@O, emissions
Questions:
e What are the admissible emissions in the y&&ar
e What are the feasible concentratiafi§t) in that year?

e Is it possible to realize a global mean temperaflitein yeart?
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Climate Change Model

Reachable Set
control problem:

F(t) = B(),
C'(t) = B-F(t) + 8- B(t) — o+ (C(t) — C1),
7'(0) = ot (G2 ) e (€0 - 1),
El(t) = u(t)E(t)’ |u(t)| < Umax

with state constraints

Tl S T(t) S Tma:’cv
0 < T'(t) < Tl (T(2)),

T if Ty < T(t) < Tonax — 1,

T! .. (T(t)) =, max
erit (T (1) {T’ Tomax —T(t)  if Tmax — 1 < T(t) < Trax-

max

Climate Change Model

Further Model Parameters

Umax. rate of emissions change

Tmax: maximal global mean temperature

T, = 14.6: minimal global mean temperature (preindustrial times)
T’(-): rate of temperatur change

Z = [0,t¢]: t = 0 means this yeat,; = 30,200: years of forecast

further constantsB, 3, o, u, @
starting values¥'(0) = 426, C(0) = 360, T'(0) = 15.3, E(0) = 7.9

calculations by I. A. Chahma show the result of (nonlinear) set-valued Euler's methdd 0160,
comparison with optimal control software of C. Bliskens

Climate Change Model
3D-projection on F' — C' — T-axes from 4D-reachable sett; = 30
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Climate Change Model
1D-projection on T'(-) from 4D-reachable sett; = 200

16.8

— OCP-solver
(special trajectories)

— set-valued Euler
(1D-projection)

15.2
0

. . . . . . . . . )
20 40 60 80 100 120 140 160 180 200

Elch-Test

Slalom

Moving Horizon
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Trajectory with
Initial/final conditions of
global OCP ab

local OCP’s with
IV at e and

z(t—) = xz(t+)

Realtime: BMW (10 %, 30 % Perturbation)

Emergency Landing Manoeuvre

Scenario: propulsion system breakdown

Goal: maximization of range w.r.t. current position

Controls: lift coefficient, angle of bank

no thrust available; no fuel consumption (constant mass)
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Robots [Knauer'01,http://www.math.uni-bremen.de/~knauer]

-
f‘ -t..'
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A Appendix
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A.1 Matrix Norms
Matrix Norms
Definition A.1. A matrix normis a mapping| - || : R™*™ — [0, 0co) such that for allA € R™*"
@) |All >0,if A#0
(i) [[pe- All = [u] - [ Al
(i) ||A+ B| < ||A|l+ || B|| forall B € R™*"

It is submultiplicativeif o L
|A- Bl < [lA]l-[|B]

forall A € RPX™, B € Rm™X™,
It is compatible with the vector nornis: ||, onR™ and|| - ||, onR™, if

Az[[o < ||A]l - [|z]|a

forall A € R™X", ¢ € R™.
See for further information[ [Sto93, Lem97].

lub-Norm

Definition A.2. Thelub-norm(lub = least upper bound) R™*™ is defined as

A
lub(A) := max | A=l .
zer™ |||
xF#£0

Proposition A.3 (seel[Lem97, Sto93])A lub-norm inR™*™ is a submultiplicative matrix-norm which is com-
patible with its defining vector norrjk: || onR™ resp.R™.

If || A|| is another matrix-norm compatible with the vector noim||, thenlub(A) is the smallest matrix norm,
i.e.lub(4) < ||A]l.

It fulfills lub(l,,) = lub(U) = 1 for the identity matrid,, and all unitary matricedJ.

Examples for Matrix Norms
ExampleA.4 (see [Sto93, Lem97])The following mappings are matrix norms:

n
() |Allz= max Y |ai| (row-sum-norm)
1=1,....mp—1

m
(i) ||A|ls= max Y |ask| (column-sum-norm)
k=1,....n ;=1

i) [|Alr=,/ 5 l|asl|? (Frobenius or Schur norm)
i,k=1

(iv) ||Alloo = max |aig| (maximum norm)
i,k=1,...,mn

9

V) [[Allsp= max /=442 = /Ana( AT A) (spectral norm),
xr R

whereAmax(A T A) is the eigenvalue oA T A with maximal absolute value.

Examples for Matrix Norms

ExampleA.4 (continued). (i) coincides withlub (A), the lub-norm of|| « || o
(i) coincides withlub (A), the lub-norm of)| - ||1

(v) coincides withlubz(A), the lub-norm of]| - ||2

(iii) and (v) are compatible with the Euclidean vector ngim||,

(1), (i), (iii) and (v) are submultiplicative (not (iv)).
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A.2 Measurable Functions
Measurable Functions

Definition A.5. LetZ = [to,t¢] andf : T — R, R := [—o00,00]. Then, f(-) is measurablgif for eacht € R
the set

FH(—o0,8]) = {t € T| f(t) < s}
is measurable.
f : T — R" is measurableif for each closed se§ C R™ the inverse image

FTHS)={teZ|f(t)e S}
is measurable.

Definition A.6. Let Z = [to,t¢] and f : Z — R™. Then, f(-) is simple if there exists a finite partition
(Z:)i=1,...,r f T and valuesf; € R™, i =1,...,k, with

f() = Z xz;([t)fi (t€I).

Hereby,xz, (t) = 1, if t € Z; and otherwise equals zero.

Corollary A.7. LetZ = [to,tf] and f : T — R™ be a simple function.
Then,f () is measurable, if each s&;,7 = 1,...,k,in Definition is measurable.

Measurable Functions

Proposition A.8. LetZ = [to,t7] and f : T — R with componentsfi(+), s = 1,...,n. Then, f(-) is
measurable, if and only if each(-), 2 = 1,...,n, is measurable.

Proof. see[[Coh80, remarks following Proposition 2.6.3] O

Proposition A.9. LetZ = [to,t¢], A € R™*", n € R and f,g : T — R™. Then, the functions - f, - f
and f + g are also measurable.

Proof. follows from [Coh80, Proposition 2.6.1] and [Coh80, remarks following Proposition 2.6.3] O

Proposition A.10. LetZ = [to,t;] andf : Z — R be measurable. Then, the functigih: (-) is measurable
for all measurable subses C 7.

Proof. cf. [Coh80, remarks after Proposition 2.1.6] O

Proposition A.11. LetZ = [to,t¢] and f : T — R"™ be measurable. ConsidéZy ) xen With measurable
Iy C I for k € NandUenZrx = Z such that all functiong f |z, () ) ken are measurable.
Then, the functiorf (+) itself is measurable.

Proof. cf. [Coh80, remarks after Proposition 2.1.6] O

Proposition A.12. LetZ = [to,tf] and f : T — R" be measurable. Then, there exists a sequence of simple,
measurable functiong,,, : Z — R™ with

f(@t)= lim f,(t) (forallteX).
Proof. cf. [Coh80, remarks after Proposition 2.1.7] O

Measurable Functions

Proposition A.13. LetT = [to,ty] and fp, : T — R" be measurable for alln € N. Then, the function
f(t) :=sup fm(t)
meN
is also measurable.

Proof. see[Coh80, Proposition 2.1.4] O
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Measurable Functions

Theorem A.14 (Lebesgue’s Dominated Convergence Theorem)etZ = [tg,t¢] andg : Z — Ri withR :=
[0, 00] be integrable. Leff,, : T — R, m € N, be measurable anfl : Z — R be defined as

£(t) = lim ()

with the estimations
|fm(@®) <g(t) (meN aetel)
Then, the functiong,..(-), m € N, and f(-) are integrable with

/f(t)dt: lire%/fm(t)dt.
v " z
Proof. see[Coh80, Theorem 2.4.4] O

A.3 Functions with Bounded Variation and Absolutely Continuous Functions

Functions with Bounded Variation

Definition A.15. LetZ = [to,t¢] andf : Z — R™. Then, f(-) hasbounded variatioron Z, if for all partitions
to<t1 <...<tn_1<tn=lty, N eN,

the sum

N-1

2 ) —f)ll <C

1=

0
is bounded by a constad which is independent from the partition. The infimum of such constants is called

te
variation of f(-), namelyV/ f(-) orV £(+).
to T
Proposition A.16. LetZ = [to,ts] and f : T — R™ have bounded variation. Thejfi(-) is continuous except
on a set of at most countable points, hence also measurable.
Proof. cf. [dB03, 4.3, Corollary to Theorem 3] O

For more details on absolutely continuous functions, seele.g. [dB03,/Nat81]) Nat55].

Absolutely Continuous Functions

Definition A.17. LetZ = [to,t¢] and f : Z — R™. Then, f(-) is absolutely continuoysf for everye > 0
there exist® > 0 such that for all pairwise disjoint subintervele;, b;[)i=1,...,n C [to,T], N € N, with total
length

N
b;—a;) <é
Lo
follows:
N
> (i) = flas)l| <e
1=1

Proposition A.18. LetZ = [to,t¢] and f : Z — R™. Then,f(-) is absolutely continuous, if and only if for all
tel

1) = F(to) + [ £ (r)dr.

Proof. cf. [dB03, 9.3, Corollary 3 and following remarks] O

For more details on absolutely continuous functions, seele.g. [dB03,/Nat81) Nat55].
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A.4 Additional Results

Ordered Sets/Lemma of Zorn

Definition A.19. Let (M, <) be an ordered, nonempty set. ThAA,C M istotally orderedif for all n,nn € N
we haven < m orm <X n.

Lemma A.20 (Zorn). (M, =) ordered, nonempty set which has an upper bound for every totally ordered subset
N, ie.
Im € N such thatforallmn e N : m < n,

then.M has a maximal elememt® € M, i.e. for allm € M with m® < m follows immediatelyn < m°.
Proposition of Hahn-Banach
Proposition A.21 (Hahn-Banach). Let X be a real linear spaceZ C X a linear subspace and let

(i) p: X — Rsublinear, i.e.

p(z+y) <p(z)+p(y) foralzyecX,
pla-z) =a-p(x) foralla >0,z € X

(i) f:Z — Rlinear
(i) f(z)<p(z)forallze Z
Then, there exists a linear continuatidn: X — R with

F(z)=f(z) forallze€ Z,ie.F|z = f,
F(x) <p(x) forallze X
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