Numerical study of PDE eigenvalue

problems with IGA
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Approximation of Laplace eigenvalues

We study the numerical approximation of eigenvalues ) for the
Dirichlet eigenvalue problem of the Laplace operator

—AUu = \U in Q.
u=20 on of)

on the unit square Q = (0, 1)? and the unit circular disk

Q= B4(0) = {(x,y) € R? : ||(x,y)|l2 < 1} with isogeometric
analysis (IGA) using the software package GeoPDEs 3.0 (see
[2]). With p being the order and g the regularity of the NURBS
basis functions we compare the error and experimental
convergence order (EOC) for different choices of p and q.

The table on the right exem- D

plarily shows the EOC forthe = 3 4 5 6
second eigenvalue of the unit 1 578804 983 1230
square, where the mesh sizes 2 617778 101811 27
for the calculation are chosen 3 - 817 964 1260
such that the absolute error is 4 - - 11036 11.08
smaller than 10~'9 for the first 5 . | - . 1094

time.

Knowing that the convergence order is expected to be 2p, we
observe the following pattern for p > 3 and g > 1:

= 2p if p+ gisodd,

EOC | _ _
< 2p if p+ qis even.

Eigenfunctions of the Kirchhoff Love Model

We further compute eigenfunctions of the Kirchhoff Love Model
for thin plates with IGA. This enables us to reproduce the
famous Chladni figures as illustrated in the following.
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This way we can also simulate the fatal eigenvibrations which

caused the collapse of the Tacoma bridge in 1940, see below.
These problems have already been computed in [1] with FEM,
and the results are consistent with our outputs.

[Source: https://www.bernd-nebel.de/bruecken/index.html]
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Eigenfunctions of domains with cracks

Next, we investigate the Laplace eigenvalues and eigenfunctions
of domains with cracks, i.e., we solve the problem

—Au=)\u in Q\ My,

u=2~0 onlp,
ou

— =0 onl
ay N)

where (1 is again the unit square or circular disk, I'p = 09 Is its
boundary and Iy is an arbitrary crack in the domain which we
consider as additional Neumann boundary. For instance, we
choose Q = B1(0) c R?and 'y = B;(0) N {x > 0} as we can
express the exact eigenfunctions for this domain in polar
coordinates through Bessel functions:

Unm(r,8) = Jn(pen.mr) cos(nb),

where J, is the Bessel function of the first kind to the order
ne {0,3,1,2,2,...} and up m is the m-th root of J,. We plot the
eigeniunctions u; , and up s and remark that there Is a singularity

of type rz at the crack tip in u; ,, while ug 5 is smooth.

\

We use a single-patch IGA discretization to approximate the
eigenfunctions and get optimal EOCs in the H'-norm. Due to
the singularity of Us 5 at the crack tip, we can not expect a better
convergence order than 0.5 for any order p and regularity g of
the NURBS basis functions, whereas up 5 converges with order

p with respect to ndof2. Those results are illustrated in the
following error plot.
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